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General setting

Throughout this poster, we let K be an algebraically closed field. Let X = {P1, ...,Ps}
be a set of s distinct K-rational points in Pn such that X∩Z+(X0) = /0. Let m1, ...,ms be
positive integers and let Y be a scheme defined by IY =℘

m1
1 ∩·· ·∩℘ms

s , where each ℘i is
the defining ideal of the point Pi. The scheme Y, which we denote Y= m1P1+ · · ·+msPs,

is usually called a set of fat points in Pn. We equip P = K[X0, ...,Xn] with its standard
grading deg(Xi) = 1. The quotient ring RY = P/IY is the homogenous coordinate ring of
the scheme Y.

Definition and Properties

Let R =⊕i∈ZRi be an arbitrary graded K-algebra. Let J denote the kernel of the canonical
multiplication map µ : R⊗K R→ R,r⊗r′ 7→ rr′. The universal derivation of the K-algebra
R is the homogeneous K-linear map dR/K : R→ J/J2 given by dR/K(r) = r⊗1−1⊗r+J2,

and the module of Kähler differentials of the K-algebra R is the graded R-module Ω1
R/K =

J/J2.

Theorem 1. Let Y1 = m1P1+ · · ·+msPs and Y2 = (m1+1)P1+ · · ·+(ms+1)Ps be two
sets of fat points with the corresponding homogeneous ideals IY1, IY2 respectively. The
sequence of graded RY1-modules

0−→ IY1/IY2

α−→Ω
1
P/K/IY1Ω

1
P/K

ε−→Ω
1
RY1/K −→ 0

is exact, where α(F + IY2) = dP/KF + IY1Ω
1
P/K and ε(FdP/KH + IY1Ω

1
P/K) = (F +

IY1)dRY1/K(H + IY1).

The RY1-module Ω1
P/K/IY1Ω

1
P/K is a free RY1-module of rank n+1. By Theorem 1, we get

some relations.

•HFΩ1
RX/K

(i) = (n+1)HFY1(i−1)+HFY1(i)−HFY2(i).

•The Hilbert polynomial of Ω1
RY1/K is

HPΩ1
RY1

/K
=

s

∑
i=1

(n+2)
(

mi+n−1
n

)
−

s

∑
i=1

(
mi+n

n

)
• If X= {P1, ..,Ps} is in general position in Pn, i.e. no h+2 points of X are on the h-plane

for h < n. Then the regularity index rΩ1
RY/K

of Ω1
RY/K, is bounded by

rΩ1
RY/K
≤max

{
m1+m2+1, [(

s

∑
i=1

mi+ s+n−2)/n]

}
.

• If m1 = ...= ms = m≥ 2 and the set of s distinct K-rational points X= {P1, ...,Ps} ⊆ Pn

is a complete intersection, then E. Guardo et al. show that the schemes Yi = mP1+ · · ·+
(m− 1)Pi + · · ·+mPs all have the same Hilbert functions. Altogether, this show the
Hilbert functions of Ω1

RYi/K are also the same.

Definition 2.

•The exterior algebra over R of the R-module of Kähler differential Ω1
R/K, denoted by

ΩR/K, is called Kähler differential algebra of the K-algebra R.

•Let Ωm
R/K denote the exterior m product over R of R-module Ω1

R/K. Then we have
ΩR/K = ⊕m∈NΩm

R/K. The Kähler differential algebra ΩR/K is said to be bigraded if
there exist K-submodules Ω

m,i
R/K ⊆Ωm

R/K(m ∈ N, i ∈ Z) such that

� For each m ∈ N, Ωm
R/K =⊕i∈ZΩ

m,i
R/K.

� For each m,m′ ∈ N and i, i′ ∈ Z then Ω
m,i
R/K ·Ω

m′,i′

R/K ⊆Ω
m+m′,i+i′

R/K .

� For each i ∈ Z, Ω
0,i
R/K = Ri

� For each r ∈ Ri, i ∈ Z then dR/K(r) ∈Ω
1,i
R/K

Proposition 3. Let Y= m1P1+ · · ·+msPs be a set of fat points in Pn.

• If m1 = ... = ms = 1 then for each m > 1 we have dimK(Ω
m,i
RY
) = 0 for all i ≥ 2σY+

m+2, where σY = max{i ∈ Z|HFY(i)< s}

• If there is an index j ∈ {1, ...,s} such that m j > 1 then for each m≤ n+1 we have

0 < dimK(Ω
m,i
RY/K)≤

s

∑
i=1

(
n+1

m

)(
mi+n−1

n

)
for all i≥ m.

Now we let G be the graded RY-module generated by vectors (∂F
∂x0

, ..., ∂F
∂xn

), where F ∈ IY
and xi is the image of Xi in RY. Set degdxi = 1. The exact sequence of graded RY-modules

0−→ G(−1)−→ Rn+1
Y (−1)−→Ω

1
RY/K −→ 0,

which is mentioned in a paper ”Kähler differentials for points in Pn” of G. Dominicis and
M. Kreuzer, induces the sequence of K-algebras

0−→ G∧
∧

Rn+1
Y −→

∧
Rn+1
Y −→ΩRY/K −→ 0

as well as the sequence of graded RY-modules

0−→ G∧
m∧

Rn+1
Y (−m−1)−→

m+1∧
Rn+1
Y (−m−1)−→Ω

m+1
RY/K −→ 0 (1)

exact, for each m≥ 0. Applying the exact sequence (1), we get the following representa-
tion of Ωm

RY/K.

Proposition 4 (Ernst Kunz). Let Y be a set of fat points in Pn. Then ΩRY/K =

ΩP/K/(IY,dIY). In particularly, for each m ∈ N we have

Ω
m
RY/K = Ω

m
P/K/(IYΩ

m
P/K +dIYΩ

m−1
P/K ).

By using above presentation, I can write an ApCoCoA function which take the homoge-
neous ideal of a set of fat points Y and a number m in N as input and compute the values
of the Hilbert function of Ωm

RY/K. Moreover, the Hilbert function of Ωm
RY/K is described by

the next proposition.

Proposition 5. Let αY = min{i ∈ Z | (IY)i 6= 0}, and ρY,m be the regularity index of
Ωm

RY/K.

•For i < m we have dimK(Ω
m,i
RY/K) = 0.

•For m≤ i < αY+m−1 then HFΩm
RY/K

(i) =
(n+1

m

)
·
(n+i−m

n

)
.

•We have HFΩm
RY/K

(σY+m+1)≥ HFΩm
R/K
(σY+m+2)≥ ·· · and if ρY,m ≥ σX+m+1

then HFΩm
RY/K

(σY+m+1)> HFΩm
RY/K

(σY+m+2)> · · ·> HFΩm
RY/K

(ρY,m).

The following example shows that HFΩm
R/K
(i) may or may not be monotonic in the range

of αX+m≤ i≤ σX+m+1. Let X⊂ P2 consist of following nine points {(1 : 0 : 0),(1 :
0 : 1),(1 : 0 : 2),(1 : 0 : 3),(1 : 0 : 4),(1 : 0 : 5),(1 : 1 : 0),(1 : 2 : 0),(1 : 1 : 1)}. Then

•HFX : 1 3 6 7 8 9 9, · · ·αX = 3 and σX = 4.

•HFΩ1
R/K

: 0 3 9 15 14 13 14 13 12 11 10 9 9 · · ·

•HFΩ2
R/K

: 0 0 3 9 9 4 5 4 3 2 1 0 0 · · ·

•HFΩ3
R/K

: 0 0 0 1 3 0 0 · · ·

Some special cases

Proposition 6. Let X= {P1 = (P10 : P11 : · · · : P1n), ...,Ps = (Ps0 : Ps1 : · · · : Psn)} be a set
of s distinct K-rational points in Pn. Let A = (Pi j) ∈Mats,n+1(K) and let r be the rank
of the matrix A. Then we have Ω

r+i
RX/K = 0 for all i≥ 1 and HFΩr

RX/K
(r) = 1.

For example, let X = {P1, ...,Ps} be a set of s distinct K-rational points on a line in Pn.

Then Ω3
RX/K = 0. Moreover, we also have

•HFΩ1
RX/K

: 0 2 4 6 ... 2(s−2) 2(s−1) 2s−1 2s−2 ...s s ...

•HFΩ2
RX/K

: 0 0 1 2 ... s−2 s−1 s−2 s−3 ... 0 0 ...

We can characterize the figuration of a set of s distinct K-rational points X in P2 by
looking at the values of the Hilbert function of Ω3

RX/K as follows.

Proposition 7. Let X be a set of s distinct K-rational points in P2 with s > 4. Then we
have

•HFΩ3
RX/K

(i) = 0 for all i ∈ N if and only if X lies on a line.

•HFΩ3
RX/K

(i) ≤ 1 for all i ∈ N and HFΩ3
RX/K

(3) = 1 if and only if X lies on a quadric.
Further more,

� If HFΩ3
RX/K

(3) = 1,HFΩ3
RX/K

(4) = 1, then X lies on two lines, none of s−1 points of
X lies on a line.

� If HFΩ3
RX/K

(3) = 1,HFΩ3
RX/K

(i) = 0, i 6= 3 and ∆HFX(i) ≤ 1 for all i ≥ 2, then X
contains s−1 points which lie on a line.

� If HFΩ3
RX/K

(3) = 1,HFΩ3
RX/K

(i) = 0, i 6= 3 and there is i ≥ 2 such that ∆HFX(i) ≥ 2
then X lies on an irreducible quadric.


