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/ ABSTRACT \

In this article we give a bound on the
number of generators of a finitely gener-
ated projective module of constant rank
over a commutative Noetherian ring in
terms of the rank of module and the di-
mension of ring. Under certain conditions
we provide an improvement to the Forster
- Swan bound in case of finitely gener-
ated projective modules of rank n over an
affine algebra over a finite field or an al-

\gebraically closed field. /
a NOTATIONS N\

R = commutative Noetherian ring with
identity,

M, xn(R) = the set of all m x n matrices
over ring R.

M = finitely generated R- modules and
P & @ = finitely generated projective R-
modules.

u(M) = the minimum number of ele-

Kments needed to generate M over R j

. INTRODUCTION N\

One can ask: Is (M) bounded? Forster
[S] and Swan [7] have given an up-
per bound on the number of generators
of M in terms of local information i.e.
w(M) = sup{u(Mp) + dim(R/p) | p €
spec(R)}. Eisenbud and Evans [2] estab-
lished the stability of this bound in the
sense that, given any finite set of gener-
ators, a set of predicted size can be ob-
tained by certain elementary operations.
There are certain class of rings R over
projective R module P is free. But if P is
not free, we have a natural question what
is the bound on the number of generators?
The main aim of this paper is to prove a
result on elementary matrices which con-
nects two sets of completable unimodu-
lar rows. By using this result we deduce
a bound on the number of generators of
P in terms of rank of P and dimension
of R. Under certain conditions show that
our methods actually provide an improve-
ment to the Forster - Swan bound if P is
a module over an affine algebra over a fi-
nite field or an algebraically closed field.
Its proof has merit that it can be made al-

Kgorithmic. j

. PRELIMINARIES N\

Theorem 1.1. [9] Let A € M, x,,(R) and p14 : R™ — R™ be an R-module homomorphism given by 4 (X) = AX, where n > m. Then p 4 is surjective if and only if
I,,(A) = R, where I,,,(A) denotes the ideal generated by all rn x m minors of A.
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Lemma 1.2. Let A = and 14 : R™ — R™ be the R-module homomorphism given by 114 (X) = AX, where n > m. Then ju4 is surjective if and
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only if the columns of A generate R™.
Proposition 1.3. [3] Let R be a semilocal ring and P a finitely generated R-module of constant rank. Then P is free.
Proposition 1.4. [6] Let R be of finite dimension and s is a non-zero divisor in R. Then dim(Rs<1+SR>) < dim(R).
Proposition 1.5. Let S be the set of all non-zero divisors of R. If S™1P = (§-+, %), 5 € S(1 < i < k). Then there exists s € S such that Py = (&, -+, ¢&).
Theorem 1.6. [8] Suppose dim(R) = d. Then for n > d + 2, any unimodular row of length n over R is completable.
Lemma 1.7. [6] Let s € R be a non zero divisor in R. Suppose there exist two surjections f : R} — Psand g : Ry, ;g — Piisr- If there exists o € GLU(RS(H_;R))
such that mat'r'iw(f')a = matriz(j) (where f g R;‘(HSR) — Py14sp) and g : R;L(HSH) — Py(14sr) are induced by f and g respectively) and further that o = 717,
where 71 € GL,,(R;) and 72 € GL,,(R14sr), then P is generated by n elements.
Lemma 1.8. [6] Let s,t € R be non zero divisors such that sSR+ tR = R and 0 € GL,,(Rs) be such that o can be connected to the identity matrix. Then o = 7175 for some

(1 € GL,(Rs) and 72 € GL,,(R;). /
/ RESULTS \
Theorem 2.1. Assume dim(R) = d. Suppose R-module (( Z’l ) s < ZZ > RN < (Z" >> generate R?, where n > d + 3. Then there exists ¢ € E,(R) such that
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This theorem follows from Theorem 1.1, Lemma 1.2 and Theorem 1.6. Now we state general form of Theorem 2.1.
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Theorem 2.2. Assume dim(R) = d.. Suppose ( . , Yo . ) = R™. Then there exists o € E, (R) such that
Am1 Am2 Amn
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I . S . . .
o 8 % g = ( (’J" ) if n > d + m + 1, where I,,, and 0 denote m x m identity matrix and (n — m) X m zero matrix respectively.

A1n - Amn
In other words if ¢ : R™ — R™ is surjective homomorphism, then there exists o € E,,(R) such that matriz(¢)o = ( I, 0 ) if n > d +m + 1, where I,,, and 0 denote
m x m identity matrix and m X (n — m) zero matrix respectively.
As an application of Theorem 2.2, we prove Theorem 2.3 which also follows from the theorem of Forster and Swan ([5] & [7]).
Theorem 2.3. Let R be a reduced Noetherian ring of dimension d and rank(P) = n. Then P is generated by n + d elements over R.
Proof: Take S = R — Uﬁzl pi, where p; are minimal prime ideal of R. Then S™!P is a free S~! R module of rank n. Hence there exists s € S such that P is free of rank
n. We prove the theorem by induction on dimension of R. By induction hypothesis we can assume that P/sP is generated by n + d elements. Therefore we have a surjective
homomorphism f : R;”I;lﬁ — Py 4p. Since Py is generated by n elements, we have a surjective homomorphism g : R?*+? — P,. Consider the induced surjective

.?(tisR) — Py(14sr) and g : R:’;Jj_sm — Py14sr) of f and g respectively. Since dim(Rs(14sr)) < dim(R), n+d > n+ dim(Rs14sg)). This

implies that n + d > dim(Rg(14sr)) + n + 1. So from Theorem 2.2, there exists o € E, ya(Ry(14sr)) such that matriz(f)o = matriz(g). Form Lemma 1.7 and Lemma
1.8, P is generated by n + d elements over R.

Theorem 2.4. Let R be a non-reduced Noetherian ring of dimension d and rank(P) = n. Then P is generated by n + d elements over R.

Proof: Let R = R/Nil(R) and P’ = P/Nil(R)P. Then dim(R’) = d and rank(P’) = n. By Theorem 2.3, P/Nil(R)P is generated by n + d elements. So by Nakayama
lemma, P is generated by n + d elements.

Note. By Theorem 2.4, it is clear that P is generated by n + d elements over any R. Now we prove a theorem which provides improvement in the previous bound under
certain conditions.

Theorem 2.5. Assume dim(R) = d and rank(P) = n > 2. Suppose all finitely generated projective module of rank d have a unimodular element. Then P is generated by
n + d — 1 elements over R.

Proof: From Theorem 2.4, P is generated by n + d elements i.e. P @ Q = R"*¢. Hence rank(Q) = d. By assumption ) has a unimodular element say ¢. Therefore ¢
is also a unimodular element in R"*?. Since n > 2, n +d > d + 2. So by Theorem 1.6, q is elementary completable. Thus R"*‘V(q) =~ Rntd—1 Therefore we have a
surjective map from R"+9~! to P. This copmpletes the proof.
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f CONTIL... \

Corollary 2.6. Let R be an affine algebra of di-
mension d over an algebraically closed field such
that all finitely generated projective R-modules of
constant rank d have a unimodular element and
rank(P) = n. Then P is generated by n + d — 1
elements over R.

Proof: In [1] Suslin has shown that stably free R -
module of rank > dim(R) over an affine algebra R
over an algebraically closed field is free. Hence any
unimodular row of length > d + 1 is completable.
Then the proof follows from Theorem 2.5.
Corollary 2.7. Let R be an affine algebra of dimen-
sion d over Fp, where F,, denotes the algebraic clo-
sure of the field of p elements such that all finitely
generated projective R-modules of constant rank d
have a unimodular element and rank(P) = n. Then
P is generated by n + d — 1 elements over R.
Proof: In [4] Mohan Kumar, Murthy and Roy
have shown that stably free R - module of rank
> dim(R) over an affine algebra R over Fp is free.
Hence any unimodular row of length > d + 1 is
completable. Then the proof follows from Theo-
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