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Definitions

Let (A, m) be a commutative Noetherian local ring and I be an ideal of A. The graded algebras:

R(I) == ®,>0l"t" C R|[t], the Rees algebra

G
F

I) = @,>0l"/I"" the associated graded ring
I) = @,>0l"/mI" the fiber cone.

These algebras are known as the blowup algebras associated to 1.

For a standard graded algebra S = @,,>0S, over a commutative Noetherian ring Sy and a finitely generated

graded S-module M = @®;,>0My, define

where S denotes the ideal of S generated by the homogeneous elements of positive degree and Hg+(M )
denotes the ¢-th local cohomology module of M with respect to the ideal S5.

The Castelnuovo-Mumford regularity (or reqularity) of M is defined as the number

reg(M) := max{a;(M) +1i | i > 0}.

A canonical module of a Cohen-Macaulay graded ring .S is a maximal Cohen-Macaulay graded module of
finite injective dimension. It is unique up to a graded isomorphism, and denote by wg.

A Cohen-Macaulay ring S with canonical module wg is said to be Gorenstein if wg = S(—b), for some
b e Z.
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a(M) = { Iilzz{n | My 70} i % 7_é 8 The dimension of F(I) is called the analytic spread of I and denote by /.
a;(M) = a(Hg (M)), and R(F) = Aomt@emit? dmit & -
A _/
/ Castelnuovo-Mumford regularity of fiber cone \ / Gorenstein fiber cones \

Theorem. Let (A, m) be a Noetherian local ring and I be an ideal of A with £ = 1.

Then
reg F'(I) < reg G(I).

Furthermore, if grade I = 1, then reg F'(I) = regG(I) = r(I), where r(I) denotes
the reduction number of I.

Theorem. Let (A, m) be a Noetherian local ring and I be an ideal of A. Suppose
grade I = ¢ and grade G(I). > ¢ — 1. Then

reg F'(I) > reg G(I).

Furthermore, if depth F'(I) > £ — 1, then reg F'(I) = reg G(I).

Some sufficient conditions for the equality of reg F'(I) and reg G(I):

Proposition. Let (A, m) be a Noetherian local ring and I be an ideal of A. If
reg R(F) < reg R(I), then
reg F'(I) = reg R(I).

Proposition. Let (A, m) be a Noetherian local ring and I be an m-primary ideal
of A such that grade I > 0. Suppose

]no _ m]no—l

for some ny € N. Then
reg F'(I) = reg G(I).

Theorem. Let (A,m) be a Noetherian local ring and I be an ideal of A such that
grade I > 0. Assume that mG(I) is a Cohen-Macaulay R(I)-module of dimension
(. Then

eveg FI(I) <reg R(I);
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Example. Let A — k[X,Y, Z]/J, where J — (X% XY2Z XY 22 Y 2% 7). Let
I =(X3Y?Z% and m = (X,Y, Z). Then the reduction number of I is r(I) = 3

and reg(F'(I)) = 4. Therefore r(I) < reg F'(1).

Proposition. Let (A, m) be a Noetherian local ring and I be an m-primary ideal
such that the associated graded ring G(I) is Cohen-Macaulay. Let we(r) = @pezwn
and wp(py be the canonical modules of G(I) and F'(I) respectively. Then

o wr(r) = Pnez(0 w, m);

ea(F(I)) =a(G(I)) =r—d, where r is the reduction number of I with respect to
any minimal reduction J of I;

 for any k € N'*!, a(F(I")) = [*52] = [174);

o if G(I) is Gorenstein, then

n+r—d+1 . n+r—d
~ (I m) N[

WF(I) Jntr—dtl
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Corollary. Suppose G(I) and F(I) are Cohen-Macaulay. Then regwgiy =
regwp(r). In addition if G(I) or F'(I) is Gorenstein then

reg we(r) = dim(A) = reg wg(y).

A Criterion for a Cohen-Macaulay fiber cone to be Gorenstein, if the associated graded ring is Gorenstein:

Theorem. Let (A, m) be a Noetherian local ring, I be an m-primary ideal and
J be a minimal reduction of I with reduction number r. Assume that G(I) is a
Gorenstein ring and F(I) is Cohen-Macaulay. Then F(I) is Gorenstein if and

only if
) ("4 J) :m)N 1™\ ) I"
Intl L jpn—1 . mln + J[n-1

Some interesting consequences of the criterion:

for0 <n <r.

Corollary. Let (A,m) be a Noetherian local ring and I is an m-primary ideal.
Then G(I) and F(I) are Gorenstein = A/I is Gorenstein.

Corollary. Suppose I is an m-primary ideal such that G(I) and F(I) are Goren-
stein. Then pd(A/I) < oo < I is generated by a reqular sequence.

Corollary. Suppose (A,m) is a reqular local ring and I is an m-primary ideal of
A such that G(I) and F(I) are Gorenstein. Then I is generated by a regular

k Sequence. /
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