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Notation

P = K|xy,...,x,| is the polynomial ring over a field K.
T™ is the monoid of all terms 3" - - - &% with «; € N in P.
P’ is the free P-module with canonical basis {eq, ..., e }.

T"(eq,...,e) is the monoid of all terms in P", i.e. elements
of the form te;, € P" witht € T" and k € {1,...,n}.

Order Modules and Their Borders [4]

A finite set O C T" is called an order ideal if it is closed
under forming divisors.

For an order ideal O C T". we let the border of O be
00 =(x;-OU---Ux,-0O)\ O CT".
Let O1,..., O, C T" be order ideals. Then
M=0;-eqU---UQO,-¢e. CTey,...,e)
1s called an order module and
OM=00;-e,U---U00,-¢e. CT"ey,...,e.)
is called the border of M.

Module Border Bases [4]

Let M = {tieq,,...,t,€q,} be an order module with border
OM = {bies,...,byes } where we have ¢;,b; € T" and
Ozi,ﬁj S {1,...,7‘}.

A set of vectors G = {G1,...,G,} C P is called an

M-module border prebasis if the vectors have the form
L4

gj — bj(i@j — Z cijtieai
i=1
with Cij € K.
Let G =1{Gi,...,G,} C P" be an M-module border prebasis
and let U C P" be a P-submodule. We call G an
M-module border basis of U if G C U, if the set

M = {tieq, + U, ..., tyeq, + U} C P"/U
is a K-vector space basis of P"/U, and if #M = p.

Direct Generalizations from Border Bases [4]

higher borders, an index
existence and uniqueness

a division algorithm, normal remainders, normal forms
characterizations via

a special generation property
border form modules

rewrite rules

commuting matrices

liftings of border syzygies

a Buchberger criterion

an algorithm for the computation using linear algebra

Schreyer’s Theorem for Module Border Bases [1]

Let G =1{Gi,...,G,} C P" be an M-module border basis

of (G), let A C P be the set of neighbor liftings of G, and let
{e1,...,€,} be the canonical basis of P”. Then we can
explicitly construct a term ordering 7 on T"(eq,...,&,) such

that A is a 7-Grobner basis of Syzp(Gy,...,G,).
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Further Notation
M ={tieq,, ... tuea,} € T"(e1, ..., e, is an order module
with t; € T" and o; € {1,...,71}.
G={G,...,G,} C P"is an M-module border prebasis.

M = (mq,...,m,) is a finitely generated P-module.
w: P"— M, e, — my is a P-module epimorphism.

Generalized Module Border Bases [4]

We call the set ¢(G) € M an (M, p)-module border
prebasis.

We call o(G) C M an (M, p)-module border basis of a
P-submodule U C M if o(G) C U, if the set

(M) = {time, + U, ..., t,me, + U} C M/U
is a K-vector space basis of M /U, and if #o(M) = #p(M).

Characterization [4]

Assume that | is injective. Then the following conditions are
equivalent.

The (M, p)-module border prebasis ¢©(G) C M is an
(M, p)-module border basis of {((p(G)).

The M-module border prebasis G C P" is an M-module
border basis of (G) and we have ker(p) C (G).

Remarks [4]

The assumption that ¢| a4 is injective is crucial, i. e. there are
generalized module border bases which cannot be
characterized with the above theorem.

This characterization allows us to define many of the concepts
of module border bases, e. g. a division algorithm, for finitely
generated P-modules.

We can use this characterization to compute generalized
module border bases if we can computed ker(yp) C P".

Applications [4]

“usual” border bases (see for instance |3, Section 6.4)):
r=1 M =P, p=1dp
can even be considered as module border bases
subideal border bases (see for instance [2]):
M = (my,...,m,) C P with polynomials my,...,m, € P\ {0},
gp:PT—»M,ekak
can not be considered as module border bases, in general
construction as generalized module border bases yields new results, e. g.
characterizations and an algorithm for their computation
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