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Abstract

In relation to the recent work [1| due to R.
Froberg, G. Ottaviani and B. Shapiro in connection
with the Waring problem for polynomials, we are in-
terested in study a particular class of power ideals.

In this poster, we will focus in particular on the
computation of the Hilbert function of such ideals.

Basic notations

Fix a triple of positive integers (k,d,n) with k > 2.
Let S = C[ZBQ, c e ,ZIZ‘n].

Definition. An homogeneous ideal I C S is called
a power 1deal if I is generated by some powers
L‘fl, ..., L% where the L;’s are linear forms.

Let Zj, be the group ot cosets modulo k. We are
interested in the following class of power ideals

Inan = (02 | g € Zy™), with D := (k — 1)d,

where
qbg(X) = Lo T+ 591331 4+ ...+ fgnibn.
and ¢ is a kt"-root of unity.

The multicyclic gradation

First properties

We’ll denote the weight of g & ZZ“ as
wit(g) == > i 9i-

Fact 1. S; o #0 & i—wt(g) = mk for some m € N,
in which case

dim@ Si,g — (n—|—m) .

m

We represent the generator ¢g of our ideal I g4, as

(b(?(x) — (m() + T+ ...+ CUn)D — dez’g“ wg( )

We have ¢y € Sp ¢ and one can show that

wg#() ~ SD,g#O.

Fact 2. Iy 4, is minimally generated by {1g}.

In order to compute the Hilbert function of I, ,, 4,
we define the maps

i h - E

+1
gEl,

given by multiplications by 1.

Consider the extension of the usual of the projection map,

: 1 +1
Tn+1 S\ %ZZ ; (CL(),..

For any monomial x* := z° ..

.,an) —> ([CLO]]{;, Cee [an]k)

.xdn . we define the multicyclic degree as

medeg(x?) := 7,1 1(a) € Z7 T,

which yelds to a multicyclic grading on S. Combining with the total degree S = &

en i, we get the bigrading
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Main result: the k£ = 2 case

From now on, we consider k = 2, i.e. D = d and the
coeflicients of the generators ¢g are simply =£1.

Lemma. (1) p;n is injective for wt(h) < d — i;

(2) pin is surjective for wt(h) > d — 1.
Denoting the quotient ring as R = S/I5 4., we have
HF(R;%) := dim¢ R; = dim¢ S; — dime [; =

= Z Z HF(R;7,h).

hez ™ hez? !
wt(h)<d—1 wt(h)<d—1

dim@ Rz’,h —.

Theorem. (1) If + < d, then HF(R; i) = (n:Z),
(2)if 1 =j+d with y =0,...,d, then,
for any h € Z}*' s.t. S;n # 0 and wt(h) < d — 7,

HF(R;7,h) =

= dime(Sin) — Y j—kean (") dime(Sj—k,0)-3
k>0

Final comments

(1) The Theorem turns into an implementable algo-
rithm which works very fast even for large numbers.
(2) From a geometrical point of view, the ideals I 4 ,,
corresponds to particular schemes of fat points.
(3) We believe that the Lemma can be generalized
for kK > 2 by replacing (d — ) with (k — 1)(d — 7).

A generalization of the Theorem would follow.
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