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Syzygies of Gr Obner Bases

ovenview Def. H ={hy,...,h;} CP™, S €& P?syzygy of H ~~

ies of Grobner
Involutive Schrayer S = Z Svefy with Z S»Yhfy =0
. y=1 v=1

Theorem

Free Resolutions of
Polynomial Modules

e Resauions of all syzygyies of H form syzygy module Syz(H)
for P-module M = (H))

unimalresoions ¢ (by abuse of notation: S
odules Syz;(H) = Syz(Syz,_1(H))

Castelnuovo-Mumford

Regularity iteration NS h|gher S

Conclusions
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Syzygies of Gr Obner Bases

Overvi.e\;vofGrtjbner ; Def: H _ {h1’ e hS} C Pm’ S -~ PS Syzygy of H >
Q of Involutive

S S
Involutive Schreyer S — E Sfye»-)/ W|th E Sfyhfy — O
. v=1 y=1

Theorem

Free Resolutions of
Polynomial Modules

Free Resolutions of ; all Syzygyies of H form Syzygy module Syz (H)

Monomial Modules

vinmalresowions ¢ (by abuse of notation: S for P-module M = (H))
Castelnuovo-Mumford +
ooy : jteration ~~ highers odules Syz;(H) = Syz(Syz,_1(H))

Conclusions

Def: H = {hi,...,hs} CP", <termorderonT(X)™ ~
induced Schreyer order <4, on T'(X)*:

se, <y te; <= (lt<(sh,) <1lt< (th;))

‘ ((It< (shy) = lt< (th;)
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Syzygies of Gr Obner Bases

Overview

Q

Involutive Schreyer
Theorem

Free Resolutions of :
Polynomial Modules . f f
| : S(hy, hg) = E apyhy ~ fap = E : aBvCy
Free Resolutions of o

Monomial Modules . fy_

assume H Grobner basis
choose t, =1th,, tg =1thg with t,z =lem(t,, tg) # 0
any standard representation of S-“polynomial”

of Grobner

of Involutive

Minimal Resolutions

Castelngovo—Mumford § induces an aSSOCia
Regularity .
Conclusions
taﬁ taﬁ
Saﬁ — eOé eﬁ ~\ faﬁ
ta ts
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Syzygies of Gr Obner Bases
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Q
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Theorem

Free Resolutions of :
Polynomial Modules . h h E f 5 E f e
. o (8% (8% - (8%
Free Resolutions of o B Bﬂy B B'Y 2
Monomial Modules . fy_

assume H Grobner basis
choose t, =1th,, tg =1thg with t,z =lem(t,, tg) # 0
any standard representation of S-“polynomial”

of Grobner

of Involutive

Minimal Resolutions

Castelngovo—Mumford § induces an aSSOCia
Regularity .

Conclusions
t t
L tg

Theorem: (Schreyer) ‘H Grobner basis for < —

Hschreyer iaﬂ | 1 < a < (8 < s} Grobner basis of S¥z(H) for <
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Syzygies of Involutive Bases

Overview

assume H involutive basis for involutive division L
choose h@ € H and z, € X1 <(h,)
iInvolutive standard representation of non-multiplicative product

Syzygies of Grobner
Bases

Syzygies of Involutive
Bases

Involutive Schreyer
Theorem

. S

Free Resolutions of .

Polynomial Modules : xkha — P()é;k‘h/y
. Z Y

Free Resolutions of

Monomial Modules E ’y:l
Minimal Resolutions :

=GN = iInduces an associated syzygy

Regularity .

Conclusions

S
E : ok
=1

B collect all these syzygies in the set

7_(Syz — {Sa;k | I <a<s, o, € XL,H,%(hoz)}
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Syzygies of Involutive Bases
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Lemma: H involutive basis, S =) 5 | Sges € Syz(H)

\Vllgﬁgs : SBEE{[XL’H,<(h5)] — S =0

Proof;

B SeSyz(H) — Z%Zl Sghg =0

B involutive standard representation of 0 € (H) unique

— Vﬁ:ngo
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Syzygies of Involutive Bases
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Minimal Resolutions

Castelnuovo-Mumford
Regularity

Conclusions

Corollary:  H involutive basis = Syz(H) = (Hsy:)
o

Proof;

B take 0 # S € Syz(H)

B Lemma — ’ast one component S@ non-multiplicative for hg
B take maximal (wrt'<7¢) non-multiplicative term cz*eg and maximal
non-multiplicative variable x; with p1; > 0

compute 8" = S — c(a*/x;)Sga.;; if S" # 0 iterate

possible new non-multiplicative terms smaller wrt <y -~ =
iteration terminates with O
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Syzygies of Involutive Bases
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Conclusions

Lemma: 7_[Syz g 7_(Schreyer
Proof: in invautive standard representation

S

‘ rphe =) Ph,

7=1

there exists unique value 3 such that It (z;h,) = 1t (Pg5kh5)

— Sa;k = Saﬁ
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Syzygies of Involutive Bases

Overview

Syzygies of Grobner
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Involutive Schreyer
Theorem

Free Resolutions of
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Minimal Resolutions

Castelnuovo-Mumford
Regularity

Conclusions

Lemma:

Proof;

7_[Syz g 7_(Schreyer
in invautive standard representation

S

‘ rphe =) Ph,

7=1

there exists unique value 3 such that It (z;h,) = 1t (Pg;khﬁ)
— Sa;k = Saﬁ

Theorem: H involutive basis for < —
Hsy, Grobner basis of Syz(H) for <%

Proof:

corollary to Buchberger’s second criterion
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Involutive Schreyer Theorem

Overview

Syzygies of Grobner
Bases

Syzygies of Involutive
Bases

Involutive Schreyer
Theorem

Free Resolutions of
Polynomial Modules
Free Resolutions of
Monomial Modules
Minimal Resolutions
Castelnuovo-Mumford
Regularity

Conclusions

Goal: (automatic) involutive basis of Syz(H) given an involutive basis H

Solution; C’V
Problems: ‘ ‘

ly known only for Janet and Pommaret bases

control of leading terms of syzygies S,

“good” numbering of members of ‘H

(recall: <4/ depends-on.numbering)

control of multiplicative variables assigned to S,,.;, by used division

W.M. Seiler: Involutive Bases V — 5



Involutive Schreyer Theorem

Overview

Syzygies of Grobner
Bases

Syzygies of Involutive
Bases

Involutive Schreyer
Theorem

Free Resolutions of
Polynomial Modules

Free Resolutions of
Monomial Modules

Minimal Resolutions

Castelnuovo-Mumford
Regularity

Conclusions

Def: involutive basis ‘H for division L ~-» L-graph of H
directed grap. elements h of H as vertices
edge from h , if lish' (unique) involutive divisor of 1t (zh) for some

non-multiplicative v r € Xy 1 <(h) ‘
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Involutive Schreyer Theorem

Overview

Syzygies of Grobner
Bases

Syzygies of Involutive
Bases

Involutive Schreyer
Theorem

Free Resolutions of
Polynomial Modules

Free Resolutions of
Monomial Modules

Minimal Resolutions

Castelnuovo-Mumford
Regularity

Conclusions

Def: involutive basis ‘H for division L ~-» L-graph of H

directed grap. elements h of H as vertices
edge from h ,if lh! (unique) involutive divisor of 1t (xh) for some

non-multiplicative v r € Xp1.<(h) ‘

Example: P = k|x,y, z], Pommaret basis H for <gegreviex

:{hlzxza h2:ajy7 h3:ZCZ—y,
h4:y27 h5:y2_y7 h6:Z2—Z—|—$}

ho — hy

associated P-graph / \ z

IS acyclic hs

"\ 2]

hy — hg
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Involutive Schreyer Theorem

Overview

Syzygies of Grobner
Bases

Syzygies of Involutive
Bases

Involutive Schreyer
Theorem

Free Resolutions of
Polynomial Modules

Free Resolutions of
Monomial Modules

Minimal Resolutions

Castelnuovo-Mumford
Regularity

Conclusions

Def: involutive basis ‘H for division L ~-» L-graph of H

directed grap. elements h of H as vertices
edge from h ,if lh! (unique) involutive divisor of 1t (xh) for some

non-multiplicative v r € Xy 1 <(h) ‘

Lemma: ¢ Licontinuous division — any L-graph acyclic

Proof: cycle corresponds to sequence violating definition of continuity
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Involutive Schreyer Theorem

Overview

Syzygies of Grobner
Bases

Syzygies of Involutive
Bases

Involutive Schreyer
Theorem

Free Resolutions of
Polynomial Modules

Free Resolutions of
Monomial Modules

Minimal Resolutions

Castelnuovo-Mumford
Regularity

Conclusions

Def: involutive basis ‘H for division L ~-» L-graph of H
directed grap. elements h of H as vertices
edge from h , if lish' (unique) involutive divisor of 1t (zh) for some

non-multiplicative v r € Xp1.<(h) ‘

Def: L-ordering of H ~- numbering’H = {hy,...,h}
such that @ < (3 whenever L-graph contains path from h,, to hg
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Involutive Schreyer Theorem

Overview

Syzygies of Grobner
Bases

Syzygies of Involutive
Bases

Involutive Schreyer
Theorem

Free Resolutions of
Polynomial Modules
Free Resolutions of
Monomial Modules
Minimal Resolutions
Castelnuovo-Mumford
Regularity

Conclusions

Def: involutive basis ‘H for division L ~-» L-graph of H

directed grap. elements h of H as vertices
edge from h ,if lh! (unique) involutive divisor of 1t (xh) for some

non-multiplicative v r € Xp1.<(h) ‘

Def: L-ordering of H ~- numbering’H = {hy,...,h}
such that @ < (3 whenever L-graph contains path from h,, to hg

B bylemma above L-ordering always exists for continuous divisions
B in example above H P-ordered
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Involutive Schreyer Theorem

Overview

Syzygies of Grobner
Bases

Syzygies of Involutive
Bases

Involutive Schreyer
Theorem

Free Resolutions of
Polynomial Modules
Free Resolutions of
Monomial Modules
Minimal Resolutions
Castelnuovo-Mumford
Regularity

Conclusions

Def: involutive basis ‘H for division L ~-» L-graph of H
directed grap. elements h of H as vertices

edge from h ,if lh! (unique) involutive divisor of 1t (xh) for some
x € Xp,1,<(h) ‘

non-multiplicative v

Def: L-ordering of H ~- numbering’H = {hy,...,h}
such that @ < (3 whenever L-graph contains path from h,, to hg

Lemma: H L-ordered involutive basis = 1t~ Sy = Treq

Proof: apply definitions
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Involutive Schreyer Theorem

Overview
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Regularity

Conclusions

Def: involutive division L of Schreyer type -~
for any involu'asis H all sets X1, 1, <(h) are again involutive

W.M. Seiler: Involutive Bases V — 5



Involutive Schreyer Theorem

Overview

Syzygies of Grobner
Bases

Syzygies of Involutive
Bases

Involutive Schreyer
Theorem

Free Resolutions of
Polynomial Modules
Free Resolutions of
Monomial Modules
Minimal Resolutions
Castelnuovo-Mumford
Regularity

Conclusions

Def: involutive division L of Schreyer type -~
for any involu'asis H all sets X1, 1, <(h) are again involutive

Example:

Lemma:

Thomas ion not of Schreyer type ‘

Janet and Pommaret division of Schreyer type
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Involutive Schreyer Theorem

Overview

Syzygies of Grobner
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Syzygies of Involutive
Bases

Involutive Schreyer

Theorem
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Free Resolutions of
Monomial Modules

Minimal Resolutions

Castelnuovo-Mumford
Regularity

Conclusions

Def: involutive division L of Schreyer type -~
for any involu.asis H all sets X1, 1, <(h) are again involutive

Theorem: L conti@involutive division of Schreyer type, ‘

‘H L-ordered involutive basis for L and term order < —>
Hsy, involutive basis of Syz(H) for L and <%

Proof: simple corollary to previous results

B Hs,, Grobner basis
B leading terms xye, with 2 € X1 % ~(h,) because of L-ordering
O {xkea |z € XL,H,<(ha)} involutive, since L of Schreyer type
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Free (Resolutions of Polynomtal Mod

Overview

Syzygies of Grobnes
Bases

Syzygies of Involutive
Bases

Involutive Schreyer
Theorem

Free Resolutions of
Polynomial Modules

Free Resolutions of
Monomial Modules

Minimal Resolutions

Castelnuovo-Mumford
Regularity

Conclusions

ldea: iterate last theorem in order to obtain free resolution of polynomial
submodule M C P™

Remark: doing this effectively requires new computations ~~
do not know (Hsy; )syz, as involutive basis Hsy, was “for free”
(general problem with practical application of Schreyer theorem)

Observation:  for Pommaret division manystatements about obtained
resolution possible without further computations  ~~
stronger form of Hilbert’'s syzygy theorem
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Free (Resolutions of Polynomtal Mod
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Syzygies of Grobnes
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Bases

Involutive Schreyer
Theorem

Free Resolutions of
Polynomial Modules

Free Resolutions of
Monomial Modules

Minimal Resolutions

Castelnuovo-Mumford
Regularity

Conclusions

Theorem: H Pommaret basis of M, d = cls'H, ﬁ(()k) number of generators
in H of class Kk — M has free resolution of the form

0 —pPmn—d — ... P11 _,P0_ 3 M —(

of length n — d with ranks

(note: r; upper bound for Betti number b;)
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Free (Resolutions of Polynomtal Mod

Overview

Syzygies of Grobnei
Bases

Syzygies of Involutive
Bases

Involutive Schreyer
Theorem

Free Resolutions of
Polynomial Modules

Free Resolutions of
Monomial Modules

Minimal Resolutions

Castelnuovo-Mumford
Regularity

Conclusions

Proof:

B tS,, =xen —
hence cls Hsy, = clsH+1 ~~

(clsH=n —

(H) free module)

clsSq.r =k > clsh, +1
length of resolution

W.M. Seiler: Involutive Bases V — 6



Free (Resolutions of Polynomtal Mod

Overview
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Bases

Involutive Schreyer
Theorem

Free Resolutions of
Polynomial Modules

Free Resolutions of
Monomial Modules

Minimal Resolutions

Castelnuovo-Mumford
Regularity

Conclusions

Proof:

It Sa.r = e —> clsSyp =k >clshy +1

hence cls'Hsy,, = clsH +1 ~» length of resolution

(clsH=n = (H) free module)

rank formula obtained by induction and an identity for binomial coefficients

O ﬁi(k) number of generators of class k in Pommaret basis of Syz,; (H)
®

— 7= En: B; %)
k=1

(1 definition of Pommaret division

k-1
= B = Z 89,
=1
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Free (Resolutions of Polynomtal Mod

Overview

S Example: P = k|x,y, z], Pommaret basis H for <gegreviex

Bases

Syzygies of Involutive b 2

Bases : H: {hl — X 9 h2 :xy7 h3 :xz_y7

Involutive Schreyer 9 2

Theorem h4:y7h5:y2_y7h6:z —Z—'—aj‘}

Free Resolutions of
Polynomial Modules

Free Resolutions of First syzygies (Pommaret basis Hsyz of Syzl(H) for <)

Monomial Modules

Minimal Resolutions

Castelnuovo-Mumford E Sl'3 — Zel — aj'e3 —%2
Regularity E ’
conelusions E 82;3 = Z€9 — Irey — €9
83;3 — ze3 — Ieg + €5 —e3 + eq

Sy.3 = z€4 — yes —ey

S5.3 = ze5 — Y€ + €2

Si,0 = ye; — xeq

So.0 = yes — xey

S3.0 = yes — res + e4 — e
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Free (Resolutions of Polynomtal Mod

Overview

Syzygies of Grobnes
Bases

Syzygies of Involutive
Bases

Involutive Schreyer
Theorem

Free Resolutions of
Polynomial Modules

Free Resolutions of
Monomial Modules

Minimal Resolutions

Castelnuovo-Mumford
Regularity

Conclusions

Example: P = k|x,y, z], Pommaret basis H for <gegreviex

ha=y’, hs=yz—y, he=2"—z+a}
Second syzygies (Pommaret basis (Hsy,)sy, of Syz,(H) for <7,

S1.23 = z€1.20 — ye1.3 + req.3 Press — €22

So.03 = 2€9.9 — Y€2.3 + T€4.3 — €29

S3.03 = 2€3.9 — Yye3.3 + res.3 + €2.3 — €e4.3 — €32 + e1.2

all generators of class 3 = Syzj(H) free module
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Overview

Syzygies of Grobnei
Bases

Syzygies of Involutive
Bases

Involutive Schreyer
Theorem

Free Resolutions of
Polynomial Modules

Free Resolutions of
Monomial Modules

Minimal Resolutions

Castelnuovo-Mumford
Regularity

Conclusions

Free (Resolutions of Polynomtal Mod

Example: P = k|x,y, z], Pommaret basis H for <gegreviex

H = {h1 = 2%, he = zy, hy = 22 — v,
ha = vy°, hs = yz — v, h6222—z+x}
free resolution of Z = (H)
0— P — P27 0
or (preferably) of A =P/T

0 — P — P° =p!

b
-
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Free Resolutions of Monomial Modules

L ]

. L ]
Overview ‘ o
L]

[ ]

[ ]

Syzygies of Grobner

Assume M C P™ guasi-stable monomial module with Pommaret basis

Bases . H= {hl, . hp} —> explicit presentation of resolution exists (not
Syzygies of Involutive : L ]

Bases :  requiring any further computations!)

Involutive Schreyer :

Theorem

Free Resolutions of
Polynomial Modules

Free Resolutions of
Monomial Modules

Minimal Resolutions

Castelnuovo-Mumford
Regularity

Conclusions
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Free Resolutions of Monomial Modules

Overview

Syzygies of Grobner
Bases

Syzygies of Involutive
Bases

Involutive Schreyer

Theorem

Free Resolutions of
Polynomial Modules

Free Resolutions of
Monomial Modules

Minimal Resolutions

Castelnuovo-Mumford
Regularity

Conclusions

Assume M C P™ guasi-stable monomial module with Pommaret basis
H=1{hy,..., hp} — explicit presentation of resolution exists (not
requiring any further computations!)

Explicit expressions for all syzygies obt le from P-graph

B let 21 be non-multiplicative for generator h,,
B+ contains generator hg with z;h, = 2#hg and 2* € k| Xp(hg)]
B wite A(a,k) =0 and . = 2/

W.M. Seiler: Involutive Bases 'V — 7



Free Resolutions of Monomial Modules

gyvzeyr;i“svofembner Assume M C P™ guasi-stable monomial module with Pommaret basis
Bases . H= {hl, . hp} —> explicit presentation of resolution exists (not
Syzygies of Involutive : L ]

Bases :  requiring any further computations!)

Involutive Schreyer :

Theorem E

Free Resolutions of : '~ i i -

onomsl Modes - Explicit expressions for all syzygies obt le from P-graph

Free Resolutions of . .

vonomia Modues ¢ M let 2. be non-multiplicative for generator h,,

vinmalResolions ¢ @ H contains generator hg with  z;h, = 2*hg and 2# € k| Xp(hg)]
Castelnuovo-Mumford 4 ]

Regularty : W write A(o, k) =/ and t, = x"

Conclusions .

Theorem: Letk = (ki,...,k;)withclsh, < k) < -+ < k;

()

Saik = > (1) (w1, Sai; — task; SA(aky)k;)
j=1

P

where k; = (k1,...,kj,...,k;) (kwith jth entry removed)
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Free Resolutions of Monomial Modules

Overview

Syzygies of Grobner
Bases

Syzygies of Involutive
Bases

Involutive Schreyer
Theorem

Free Resolutions of
Polynomial Modules

Free Resolutions of
Monomial Modules

Minimal Resolutions

Castelnuovo-Mumford
Regularity

Conclusions

Remark:

For quasi-stable ideals the resolution can always be given the

structure of a differential algebra.

let I, h g be two elements of H
H contains generator h, with  h
write I'(ov, 3) = v and mq g = z/
express resolution as complex with symmetric and anti-symmetric part; use
m, I" to define product on symmetric part; use exterior product on
anti-symmetric part

properties of Pommaret basis ensure associativity and Leibniz rule

z*h, and 2" € k[ Xp(hy)]

(Same construction possible for polynomial case; however, obtained product in
general not associative and does not satisfy Leibniz rule.)
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Minimal Resolutions

Overview

Syzygies of Grobner
Bases

Syzygies of Involutive
Bases

Involutive Schreyer
Theorem

Free Resolutions of
Polynomial Modules

Free Resolutions of
Monomial Modules

Minimal Resolutions

Castelnuovo-M rd
Regularity

Conclusions

Free resolution of graded module M minimal ~-
all maps ¢; : P"* — P"i=1 in the resolution

B described by matrices with all entries of positive degrees (i. e. without
constant terms) or equivalently
B map standard basis to minimal generating set of image

Theorem: Minimal free resolution unique up to isomorphism.

Remark: [ any non-minimal resolution can be transformed into a minimal one
with some linear algebra.

Def: projective dimension pdim M ~- length of minimal free resolution

W.M. Seiler: Involutive Bases 'V — 8



Minimal Resolutions

Overview :  Lemma: Resolution obtained with Pommaret basis minimal <>
Syzygies of Grobner .

Bases . all syzygies S, € Hgy, free of constant terms

Syzygies of Involutive
Bases

Involutive Schreyer Proof: follows easily from analysis of Soé;kl,k2

Theorem

Free Resolutions of
Polynomial Modules

Free Resolutions of
Monomial Modules

Minimal Resolutions

Castelnuovo-M rd
Regularity

Conclusions
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Minimal Resolutions

Overview

Syzygies of Grobner
Bases

Syzygies of Involutive
Bases

Involutive Schreyer
Theorem

Free Resolutions of
Polynomial Modules

Free Resolutions of
Monomial Modules

Minimal Resolutions

Castelnuovo-M g@miord
Regularity

Conclusions

Lemma: Resolution obtained with Pommaret basis minimal <—
all syzygies S, € Hsy,, free of constant terms

Proof:  follows easily from analysis of Sq.x, &,

Thus in general Pommaret basis does not yield minimal resolution. However,
much information about minimal resolution deducible!

Theorem: H Pommaret basis of M for class respecting term order and
clsH=d¢f = pdimM=n-—d

Proof: analyse minimisation process applied to resolution obtained from H
~~  minimisation cannot reduce length of resolution (analyse syzygies
obtained from generator of minimal class and maximal degree)
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Minimal Resolutions

Overview

Syzygies of Grobner
Bases

Syzygies of Involutive
Bases

Involutive Schreyer
Theorem

Free Resolutions of
Polynomial Modules

Free Resolutions of
Monomial Modules

Minimal Resolutions

Castelnuovo-M g@miord
Regularity

Conclusions

Lemma: Resolution obtained with Pommaret basis minimal <—
all syzygies S, € Hsy,, free of constant terms

Proof:  follows easily from analysis of Sq.x, &,

Thus in general Pommaret basis does not yield minimal resolution. However,
much information about minimal resolution deducible!

Theorem: H Pommaret basis of M for class respecting term order and
clsH=d¢f = pdimM=n-—d

Proof: analyse minimisation process applied to resolution obtained from H
~~  minimisation cannot reduce length of resolution (analyse syzygies
obtained from generator of minimal class and maximal degree)

Corollary:  (Auslander-Buchsbaum formula)

depth M + pdim M =n
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Thm: M monomial module with Pommaret basis H
M stable <= H minimal basis of M <+—

resolution obtained from H minimal

(Eliahou-Kervaire resolution)
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Thm: M monomial module with Pommaret basis H
M stable <= 'H minimal basis of M <+——
resolution obtained from H minimal (Eliahou-Kervaire resolution)

Thm: M polynomial module with Pommaret basis H
resolution obtained from H minimal — M componentwise linear

(for “proper” — generic — choice of d-regular variables, converse true, too)
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Def: graded module M g-regular ~~

B M can be generated in degree < ¢
] Syzj(/\/l) can be generated in degree < g + 7

Castelnuovo-Mumford regularity of M~~~
reg M = min{q € N | M g¢-regular}
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‘:astelnuovo-l\/lumford Regularit'

Def: graded module M g-regular ~~

B M can be generated in degree < ¢
] Syzj(/\/l) can be generated in degree < g + 7

Castelnuovo-Mumford regularity of M~~~

reg M = min{q € N | M g¢-regular}

reg M crucial for complexity analysis of Grébner bases:

Theorem:

(Bayer-Stillman)

in generic variables  degG > reg M for any Grobner basis G
(generically equality for degrevlex)

Problem:

what means generic? No effective test known. ..
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Overview gl :  Theorem: H Pommaret basis of M for degrevlex <—
Syzygies of Grobner .

Bases . deg’H = reg M

Syzygies of Involutive .

Bases .

Involutive Schreyer
Theorem

Proof:

Free Resolutions of

Polynomial Modules = [l “>" obvious from resolution induced by H

F Resoluti f o . ..
vonomavodee ¢ W for “=" take element h,, € H of maximal degree H and of minimal
Minimal Resolutions 3 class d among all elements of degree deg H w that syzygy
Castelnuovo-Mumford 4 o ] o

Regularity : Sa;d+1,d+2,_,_,n cannot be eliminated during minimisation process
Conclusions .
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Theorem: 'H Pommaret basis of M for degrevlex <=
deg H = reg M

Proof:

B “>" obvious from resolution induced by H

B for “=" take element h, € H of maximal degree
class d among all elements of degree deg 'H
Sa:d+1.d+2,....n Cannot be eliminated during minimi

‘H and of minimal
w that syzygy
lon process

Remark: iteration of this argument ~- all extremal Betti numbers of M
can be read off degrevlex Pommaret basis H
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Overview :  Example: recall from first lecture
Syzygies of Grobner .

Bases

T = (2% —way®, y" — 252, yz" —wz") < kw,z,y, 2]

Syzygies of Involutive
Bases

Invelutive Schreyer
Theorem

Free Resolutions of : (reduced) Grobner basis for degrevlex

Polynomial Modules

Free Resolutions of

Monomial Modules . chosen variables already J-regular
Minimal Resolutions . . : ki(,,7 6
o+ completion adds the polynomials 2" (y* — x°z) for 1 & 6 ~v

Regularity ' Pommaret basis H withdeg H{ = 13 —

Conclusions

reg =13

W.M. Seiler: Involutive Bases V — 9



‘:astelnuovo-l\/lumford Regularit

Overview

Syzygies of Grobner
Bases

Syzygies of Involutive
Bases

Involutive Schreyer
Theorem

Free Resolutions of
Polynomial Modules

Free Resolutions of
Monomial Modules

Minimal Resolutions

Castelnuovo-Mumford
Regularity

Conclusions

Some classical results on reg M can be obtained as easy corollaries.

Theorem: (Eisenbud-Goto)
M q-regular <= truncation /\/lzq possesses linear free resolution

Proof: “=": consider degrevlex Pommaret basis H ~~
deg’H =regM < g ~» 'H,Pommaret basis of with all generators
of same degree ~~ induced resolution minimal an

“=—="1 M>, has linear resolution ~~ regM->,=q ~~» M>,has
Pommaret basis of degree ¢ ~~ M has Pommaret basis H with
regM =degH <qg ~~ M q-regular

(noted as “curiosité” already 20 years earlier by Serre in the context of
differential equations)
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Theorem:
homogeneous ideal Z C P g-regular <— dyi,...,yq € P1

“Proof:”

Some classical results on reg M can be obtained as easy corollaries.

(Bayer-Stillman)

(<I7 Yiy .- - 7yk—1> : yk)q — <I7 Yi, - - '7yl€—1>q

Ty =7, (@)

Y1i,...,Yq can be extended to d-regular variables

W.M. Seiler: Involutive Bases V — 9



Conclusions

Overview

Syzygies of Grobner
Bases

Syzygies of Involutive
Bases

Involutive Schreyer
Theorem

Free Resolutions of
Polynomial Modules

Free Resolutions of
Monomial Modules

Minimal Resolutions

Castelnuovo-Mumford
Re

One computation (Pommaret basis for degrevlex plus d-regular coordinates)
yields all the following information:

Grobner basis
(complementary) Rees decomposition
Hilbert series (function,fpolynomial)

Krull dimension
(with maximal set ‘endent variables)
multiplicity

depth

(with simple maximal regular sequence)
test for Cohen-Macaulay module

test for Gorenstein module

(with socle basis)
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Syzygies of Grobner
Bases

Syzygies of Involutive
Bases

Involutive Schreyer
Theorem

Free Resolutions of
Polynomial Modules

Free Resolutions of
Monomial Modules

Minimal Resolutions

Castelnuovo-Mumford
Re

One computation (Pommaret basis for degrevlex plus d-regular coordinates)
yields all the following information:

projective dimension

(plus bounds on all Betti numbers)
Castelnuovo-Mumford regularity
(plus all extremal B umbers)
Noether normalisa
Saturation Z53t
parameter ideal
test for componentwise linearity
...work in progress ...
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