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Stanley Decompositions

Overview : :  Recall: underlying idea of involutive bases ~- write homogeneous ideal
staniey becomposiions T <1 k[X] as direct sum of polynomial rings k[ X' C X]|

Stanley Conjecture
Dimension

Noether Normalisation

Depth and Regular
Sequences

Cohen-Macaulay and
Gorenstein Rings
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Stanley Decompositions

Overview : :  Recall: underlying idea of involutive bases ~- write homogeneous ideal
staniey becomposiions T <1 k[X] as direct sum of polynomial rings k[ X' C X]|

Stanley Conjecture

Dimension .
voethernormaisaion ¢ Def: Stanley decomposition of graded k| X]-module M ~~
Depth and Regular . ) . .
Sequences . isomorphism of graded k-linear spaces
Cohen-Macaulay and .
Gorenstein Rings
M= P kXt
teT

with a finite set 7 C T'(X )™ of terms and for each ¢ € 7 a set of
multiplicative variables X; C X
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Stanley Decompositions

Overview : :  Recall: underlying idea of involutive bases ~- write homogeneous ideal
ceneybesompestien 1 7 < k[X] as direct sum of polynomial rings k[ X’ C X]

Stanley Conjecture

Dimension

voeervormalisaion ¢ Def:  Stanley decomposition of graded k[ X ]-module M~~~
Depth and Regular . ) . .
Sequences . isomorphism of graded k-linear spaces

Cohen-Macaulay and
Gorenstein Rings

M= P kXt
teT

with a finite set 7 C T'(X )™ of terms and for each ¢ € 7 a set of
multiplicative variables X; C X

B Reesdecomposition: Vit e T : Xy ={x1,...,Tlov¢}
(with level lev ¢ of generator t)
B quasi-Rees decomposition: dt € 7 Vie T : X; C X;

W.M. Seiler: Involutive Bases IV — 3



Stanley Decompositions

Overview : M any involutive basis of Z << P ~» Stanley decomposition of 7
Stanley Decompositions ¢ ; . .
T (H Pommaret basis ~~ Rees decomposition with lev{ = clst)

Stanley Conjecture

Dimension

Noether Normalisaion 2 Problem:  Stanley decomposition of A = P /7
Depth and Regular .

Sequences

conenecaisand 2 Arbitrary involutive basis H of Z does generally not yield such a
orenstein Rings :
complementary decomposition!

W.M. Seiler: Involutive Bases IV — 3



Stanley Decompositions

Overview : M any involutive basis of Z << P ~» Stanley decomposition of 7
Stanley Decompositions ¢ ; . .
T (H Pommaret basis ~~ Rees decomposition with lev{ = clst)

Stanley Conjecture

Dimension

Noether Normalisaion 2 Problem:  Stanley decomposition of A = P /7
Depth and Regular .

Sequences

conenecaisand 2 Arbitrary involutive basis H of Z does generally not yield such a
orenstein Rings :
complementary decomposition!

Prop: everyideal Z <1 P has a complementary decomposition
Proof:

B Macaulay: A= A" =P/t T as k-linear spaces ~
monomial (i. e. combinatorial) problem

B induction over number of variables X yields simple recursive algorithm for
construction of complementary decomposition via “slicing”

B alternative algorithm via Janet bases

W.M. Seiler: Involutive Bases IV — 3



Stanley Decompositions

Overview : Prop: 'H Pommaret basis of monomial ideal Z <1 P; define
Stanley Decompositions ¢
Stanley Conjecture E BO — {t E T(X) \I ’ degt < degH} and
Dimension § Bl — {t < T(X) \I ’ degt — deg H} —
Noether Normalisaton 2 complementary Rees decomposition
Depth and Regular N
Sequences :
ORI A= (Bo)i ® D Klz1, ..., Teisi] - ¢
: teB;

(i.e.levt =0fort € Bpandlevt = clst fort € By)

Proof: P>, = @ klzy,...,Tase] - 1
deg t=q

(above Rees decomposition usually highly redundant; optimised form with less
generators obtainable with algorithm of Hironaka)

W.M. Seiler: Involutive Bases IV — 3



Stanley Decompositions

Overview

: _ 3 2 2 2 _
) 1 Exampler 7 = (27, yz© —xz®, y©- —ay) <k[x,y, 2], <=—<degreviex
anley Decompositions : ] 3 9 2 92 2
Stanley Conjecture E Pommaret baSIS: H — {Z Y yz — Iz ) y 2 CCyZ, y o xy}
Dimension :

Noether Normalisation

Depth and Regular
Sequences

Cohen-Macaulay and
Gorenstein Rings

W.M. Seiler: Involutive Bases IV — 3



Stanley Decompositions

Overview

. /.3 2 .2 2 _
Stanley Decompositions ¢ Example. 1z _ <Z y Y= 3 Lz 27 Yy Qxy>2 < Ik[x’ Y 2]2’ = _<degreV|eX
Stanley Conjecture § Pommaret baSIS: H — {Z Y yz — Iz ) y 2 CCyZ, y o xy}

Dimension

complementary Rees decomposition according to proposition

Noether Normalisation

Depth and Regular
Sequences

~ 2 2
Cohen-Macaulay and '/4 — <]‘7'x7 y) Z?‘/E 9 ZEy,QBZ,yZ, < >]k@
Gorenstein Rings E 3 2

<£C ) x2y7 L2y XYz, xz2>]k[:c]

complementary Rees decomposition with Hironaka algorithm
~ 2
A= <17 Yy, =z, Yz, =z >]k[m]

(note: all generators possess the same level ~~ see end of lecture)

W.M. Seiler: Involutive Bases IV — 3



Stanley Conjecture

Overview . consider monomial ideal Z <1 P

Stanley Decompositions
Stanley Conjecture

Dimension Def: Stanley depth of Z ~~

Noether Normalisation

o S-depthZ = max {k € N | 3 Stanley decomp. with Itrg%l | Xdg= e |

Cohen-Macaulay and
Gorenstein Rings

Conjecture:  S-depthZ > depthZ

W.M. Seiler: Involutive Bases IV — 4



Stanley Conjecture

Overview . consider monomial ideal Z <1 P

Stanley Decompositions

Stanley Conjecture

Dimension Def: Stanley depth of Z ~~
Noether Normalisation §
e S-depthZ = max {k € IN | d Stanley decomp. with min | X k}

teT

Cohen-Macaulay and
Gorenstein Rings

Conjecture:  S-depthZ > depthZ

Prop: Stanley conjecture true for quasi-stable ideals and their quotients

Proof:  will see later that Pommaret basis induces Rees decomposition of Z
with mingc7 | X;| = depthZ and Rees decomposition of .4 with
HliIltET ’Xt‘ = depthA — depthI — 1

W.M. Seiler: Involutive Bases IV — 4



Dimension

Recall: M non-negatively graded P-module ~~

ompositions

njecture

- : W Hilbert function: ha(q) = dimy M,
Noether Normalisation ; B Hilbert series: H_/\/[ ()\) = Z h_/\/[ (Q))\q

Depth and Regular

Sequences § qZO
Cohen-Macaulay and : (generating function of hj\/l)
Gorenstein Rings :

W.M. Seiler: Involutive Bases IV — 5



Dimension

Recall: M non-negatively graded P-module ~~

L]
ompositions ¢

njecture

- : W Hilbert function: ha(q) = dimy M,
Noether Normalisation ; . Hllbert Sel‘ieSZ H_/\/[()\) — Z h_/\/[ (g))\q

Depth and Regular N
Sequences : QZO

Cohen-Macaulay and § (generating function of hj\/l)

Gorenstein Rings

Prop: (P =k|z1,...,2,] —

Hau(N) = (1f_(AA))n with f € Z[A]

Cancelling common factors yields H((\) = g(\) /(1 — \)¥ where
D = dim M

W.M. Seiler: Involutive Bases IV — 5



Dimension

Recall: M non-negatively graded P-module ~~

L]
ompositions ¢

njecture

- : W Hilbert function: ha(q) = dimy M,
Noether Normalisation ; . Hllbert Sel‘ieSZ H_/\/[()\) — Z h_/\/[ (g))\q

Depth and Regular N
Sequences : QZO

Cohen-Macaulay and § (generating function of hj\/l)

Gorenstein Rings

Prop: (P =k|z1,...,2,] =

Hai(\) = (1f_(AA))n with f € Z[\

Cancelling common factors yields H((\) = g(\) /(1 — \)¥ where
D = dim M

Thm: there exists Hilbert polynomial Hq € Q|s] such that
Vg = degg : ha(q) = Ham(q)

W.M. Seiler: Involutive Bases IV — 5



Dimension

Prop: M has Stanley decompositon M = @, k[ X;] -t —

L]
ompositions ¢

njecture

Dimension E )\Qt

Noether Normalisation E Hllbert Senes HM()\) — Z (1 _ )\)kt

Depth and Regular E teT

Sequences :

Cohen-Macaulay and : i i — Yt + kt — 1

Gorenstein Ringys E Hl|bel‘t funCt|On h_/\/[ (Q) — Z (q q )
: feT q—q

with ¢; "= degt and k; = ‘Xt‘

Proof: Hlk[:cl,...,a:k](A) =1/(1 = \)*

W.M. Seiler: Involutive Bases IV — 5



Dimension

Prop: M has Stanley decompositon M = @, k[ X;] -t —

L]
ompositions ¢

njecture

Dimension E )\Qt

Noether Normalisation E Hllbert SENES HM()\) — Z (1 _ )\)kt

Depth and Regular 5 tET

Sequences .

ohen-Macaulay and E ) ) - —|— ]‘C - 1

oo e : Hilbert function [hAaq(q) = Z (q T Q )
: q — qt

teT

with ¢; "= degt and k; = ‘Xt‘

Proof: Hlk[:cl,...,a:k](A) =1/(1 = \)*

Cor: Stanley decomposition as above —>

dim M = Igla;(‘Xt‘ deg M =#{t € T : | X¢| = dim
c

W.M. Seiler: Involutive Bases IV — 5



Dimension

Prop: H Pommaret basis of Z withdeg H = ¢ —

ompositions
njecture . . . .

Dimension S dlmA — D = Inin {Z | <H7 xl) AR $i>q — Pq}
Noether Normalisation :

Depth and Regular
Sequences

Cohen-Macaulay and
Gorenstein Rings

Proof:

B Hilbert polynomials of A and A~ coincide
B consider Pommaret basis H, of 7>

O all terms ¢ € T'(X) with deg? = g and clst > D contained in 1t H,
(otherwise we needed also xpy1,...)

O there exists term s € T'(X) with degs = g and clss = D not
contained in 1t H,, (otherwise xH was not needed)

B s generator in complementary Rees decomposition with maximal number
of multiplicative variables {x1,...,xp} =— dimA=D

W.M. Seiler: Involutive Bases IV — 5



Dimension

ompositions
njecture
Dimension

Noether Normalisation
Depth and Regular
Sequences

Cohen-Macaulay and
Gorenstein Rings

Def: X7 C X independent modulo Z ~~ Z Nk[Xz] =0
X7 strongly independent modulo Z and < ~~ ItZ Nk[X7] =0

Prop: dim A = max {|XI| . X7 (strongly) independent modulo Z}

Problem: in general many different maximal (strongly) independent sets (not
necessarily of the same size!) ~~ combinatorial explosion for larger number
of variables

W.M. Seiler: Involutive Bases IV — 5



Dimension

Lemma: let 7 define quasi-Rees decomposition of A" with maximal set X7
of multiplicative variables, 5 minimal basis of t 7 —

ompositions
njecture

Dimension

Noether Normalisation § T ¢ Xt_ <> EI e & N . CCe & B

Depth and Regular
Sequences

Cohen-Macaulay and
Gorenstein Rings

Proof;

=" g X5 — VteT :x¢ X,
T finite set —— 7 contains only finitely many terms x
1t Z and thus minimal basis 15 contains term x°

‘e xtelt — YteT :xf-teltl —
VieT :x ¢ X,

k

——N

W.M. Seiler: Involutive Bases IV — 5



Dimension

Lemma: let 7 define quasi-Rees decomposition of A" with maximal set X7
of multiplicative variables, 5 minimal basis of t 7 —

ompositions
njecture

Dimension

Noether Normalisation § T ¢ Xt_ <> EI e & N . CCe & B

Depth and Regular
Sequences

Cohen-Macaulay and
Gorenstein Rings

Prop: .assumptions as above —
X7 unigue maximal strongly independent set modulo 7

Proof: se€eltZINk[X;] =— steltZ ~
impossible as 7 defines Stanley decomposition of A’ —
X7 strongly independent set modulo Z; rest follows from Lemma

W.M. Seiler: Involutive Bases IV — 5



Dimension

Lemma: let 7 define quasi-Rees decomposition of A" with maximal set X7
of multiplicative variables, 5 minimal basis of t 7 —

ompositions
njecture

Dimension

Noether Normalisation § T ¢ Xt_ <> EI e & N . CCe & B

Depth and Regular
Sequences

Cohen-Macaulay and
Gorenstein Rings

Prop: .assumptions as above —
X7 unigue maximal strongly independent set modulo 7

Cor: variables o-regular forZ —
{x1,...,xp} unique maximal strongly independent set modulo Z

W.M. Seiler: Involutive Bases IV — 5



Noether Normalisation

Overview :  Recall: Noether normalisation of A ~-

Stanley Decompositions ¢ . . . .
StameiCOnjeCLe : injective map ¢ : kly1,...,yp] — Awithim ¢ C A integral ring extension
Dimension : (in particular, A finitely generated k|y1, ..., yp|-module)

Noether Normalisation

Depth and Regular : 7 in Noether position ~~ may choose y1,...,yp € X

Sequences

Cohen-Macaulay and
Gorenstein Rings

W.M. Seiler: Involutive Bases IV — 6



Noether Normalisation

Overview :  Recall: Noether normalisation of A ~-

Stanley Decompositions ¢ .. . . . . . .
Sereyconecwe © injective map ¢ : Kklyi,...,yp| — Awithim ¢ C A integral ring extension
Dimension : (in particular, A finitely generated k|y1, ..., yp|-module)

Noether Normalisation E . ..

Depth and Regular : 7 in Noether position ~-» may choose y1,...,yp € X

Sequences .

Cohen-Macaulay and

Gorenstein Rings Prop: let7 define quasi-R decomposition of A’ with maximal set X7 of
:  multiplicative variables j
restriction of canonical map P — A to k[X7|] Noether normalisation

Proof: X strongly independent set modulo Z —
X; independent set modulo Z — ¢ injective

definition of quasi-Rees decomposition —>
A finitely generated k|X7]-module

W.M. Seiler: Involutive Bases IV — 6



Noether Normalisation

Overview :  Recall: Noether normalisation of A ~-

Stanley Decompositions ¢ L. . . . . . .
Sereyconecwe © injective map ¢ : Kklyi,...,yp| — Awithim ¢ C A integral ring extension
Dimension : (in particular, A finitely generated k|y1, ..., yp|-module)

Noether Normalisation E . ..

Depth and Regular : 7 in Noether position ~-» may choose y1,...,yp € X

Sequences .

Cohen-Macaulay and

Gorenstein Rings Prop: let7 define quasi-R decomposition of A’ with maximal set X7 of
:  multiplicative variables j
restriction of canonical map P — A to k[X7|] Noether normalisation

Cor: variables o-regular forZ —
k|z1,...,zp] defines Noether normalisation of .4

W.M. Seiler: Involutive Bases IV — 6



Noether Normalisation

Overview

Stanley Decompositions
Stanley Conjecture
Dimension

Noether Normalisation
Depth and Regular
Sequences

Cohen-Macaulay and
Gorenstein Rings

Some comments:

existence proof for Pommaret bases —>

existence proof for (quasi-)Rees decomposition —

existence proof for Noether normalisation

construction of d-regular variables ~- putZ in Noether position

last lecture: deterministiesapproach possible!

converse of corollary not true: even if k|x1, ...,z p| defines Noether
normalisation of A, variables not necessarily d-regular

W.M. Seiler: Involutive Bases IV — 6



Noether Normalisation

Overview . Some comments:

Stanley Decompositions ¢

Stanley Conjecture : W existence proof for Pommaret bases —

Jmension : existence proof for (Quasi-)Rees decomposition —
Noether Normalisation . ) ) )

Depth and Regular : existence proof for Noether normalisation

Sequences :

B construction of -regular variables ~~ putZ in Noether position
last lecture: deterministieg@approach possible!

B converse of corollary not true: even if k|x1, ..., xp]| defines Noether
normalisation of A, variables not necessarily d-regular

Cohen-Macaulay and
Gorenstein Rings

Prop: Z monomial ideal with D = dim A, Z = g1 N---N g, irredundant
monomial primary decomposition with D; = dim (P/q;)

7 quasi-stable <= k[x1,...,xp| Noether normalisation of .4 and
k|z1,...,7p,] Noether normalisation of PP /q; for all j

Proof: 7 quasi-stable <= 1 of nested type
(see last lecture)

W.M. Seiler: Involutive Bases IV — 6



Depth ar‘iegular Sequences

Overview :  Recall: M finitely generated (graded) polynomial module,
Stanley Decompositions ¢ .
J <P proper (homogeneous) ideal

Stanley Conjecture

omensien B sequence (f1,..., f,) of polynomials f; € J is M-regular ~~
Noether Normalisation o L

Depth and Regular ~ © f1 non zero divisor on M and

Sequences : ..

Cohen-Macaulay and E fk non Zero dIVISor on M/<f17 R fk—1>~/\/l

corensEn Rnos : M depth of module M onideal J ~~

maximal length depth (7, M) of M-regular sequence in J

O for analysis of module M mainly depth (m, M) with

m = (xy,...,x,)  (suffices to consider f1,..., fr € P1)
O for analysis of ideal [/ m pth (J,P) with P considered as

P-module

B forideal Z <P and module A = P/Z ~- (“abstract nonsense”)

depth (m, A) = depth (m,Z) — 1

W.M. Seiler: Involutive Bases IV — 7



Depth ar‘iegular Sequences

Overview

Computational methods: (for depth (m, M))

Stanley Decompositions

Stanley Conjecture B compute (length of) minimal free resolution of M or
Jmensen : W compute extension groups Ext’* (M, k) till non-vanishing group found

Noether Normalisation
Depth and Regular

Sequences - each approach requires several Grobner bases computations

Cohen-Macaulay and
Gorenstein Rings

W.M. Seiler: Involutive Bases IV — 7



Depth ar‘iegular Sequences

Overview

Computational methods: (for depth (m, M))

Stanley Decompositions

Stanley Conjecture B compute (length of) minimal free resolution of M or
Jmensen : W compute extension groups Ext’* (M, k) till non-vanishing group found

Noether Normalisation
Depth and Regular

Sequences - each approach requires several Grobner bases computations

Cohen-Macaulay and
Gorenstein Rings

Def: 7 <P ideal of codimensionc = n — dimZ
maximal system of parameters for Z ~~
P-regular sequence ( f1, ..., f.) in Z such that codim (f1, ..., f.) = ¢

Remark: Z = (f1,...,f.) C meter ideal for Z ~~
complete intersection used e. g. in algorithms for primary decomposition
(determination of parameter ideals in practice often bottle neck)

W.M. Seiler: Involutive Bases IV — 7



Depth ar‘iegular Sequences

Overview

Stanley Decompositions
Stanley Conjecture
Dimension

Noether Normalisation
Depth and Regular
Sequences

Cohen-Macaulay and
Gorenstein Rings

Prop: 'H Pommaret basis of ideal Z with codimZ = ¢ —
‘H contains generators hi, ..., h. withlt h; = af,ffj_iﬂ which form maximal
system of parameters

Proof:

B generators hy, ..., h. define Grobner basis of ideal spanned by them
(leading terms coprime ~~ Buchberger’s first criterion)

B Syz(hi,...,h:) generated by trivial syzygies h,e; — h e;
(Schreyer’s theorem on syzygies of Grobner basis)

B fhp e (hi,...,ht 1) w‘ces syzygy in Syz(hi, . . ., hy) with

component fep, — f € he) —
hj. non zero divisor on P/{hy, ..., hy_1)

W.M. Seiler: Involutive Bases IV — 7



Depth ar‘iegular Sequences

Overview . Theorem: H Pommaret basis of Z for <gegreviex and d = cls H
Stanley Decompositions ¢ . .

ey Conecte —> (x1,...,24) maximal Z-regular sequence, i.e.

Dimension E

Noether Normalisation E depth (m’ I) — d and depth (m’ A) p— d — ]_
Depth and Regular :

Sequences :

Cohen-Macaulay and : Proof:

Gorenstein Rings

B /-regularity follows from induced Rees decomposition of Z

B not possible to extend sequence with ;. where k& > d:
take generator h € 'H with cls h = d and of maximal degree among all
such generators ~~ analysi involutive standard representation of
non-multiplicative product x . s that x;, zero divisor on
T/{x1,...,xq)L

B existence of longer Z-regular sequence in P;  ~~
contradiction to o-regularity of variables X

Remark: no similar result known for any other division!

W.M. Seiler: Involutive Bases IV — 7



Depth ar‘iegular Sequences

Stanley Decompositions

Overview g Cor: depth (m’ A) S dlm ./4

Stanley Conjecture

Dimension : Remark: consider truncation A~ , with ¢ = deg H for Pommaret basis H

Noether Normalisation E ~~  Pommaret basis Hq of I>q A
Depth and Regular : -

Sequences

Conentacaulayand - everything interesting happens between depth (m, .A) and dim A

Gorenstein Rings

1t Z contains all terms t of degree ¢ with clst > dim A and no term t of
degree ¢ with clst < depth (m, A)

W.M. Seiler: Involutive Bases IV — 7



Cohen—MacauIa‘orenstein Rings

Overview Def.: A= P/Z Cohen-Macaulay ~~ depth(m,.A)=dim.A

Stanley Decompositions

Stanley Conjecture

Dimension . Problem: effective test for affine algebra A = P/ to be Cohen-Macaulay

Noether Normalisation

vesandrecuer . M Classically: difficult part to determine depth (m, A)
e B trivial with Pommaret basis of Z for <degreviex

Cohen-Macaulay and
Gorenstein Rings

W.M. Seiler: Involutive Bases IV — 8



Cohen-l\/lacaula'sorenstein Rings

Overview Def.: A= P/Z Cohen-Macaulay ~~ depth(m,.A)=dim.A

Stanley Decompositions

Stanley Conjecture

Dimension Problem: effective test for affine algebra A = P /I to be Cohen-Macaulay
Noether Normalisation

bepmandreguiar . M Classically:  difficult part to determine depth (m, A)

Sequences :

B trivial with Pommaret basis of Z for <gegreviex

Cohen-Macaulay and
Gorenstein Rings

Prop: if variables X d-regular for Z and <gegreviex, then
P /I Cohen-Macaulay <— P/ItZ Cohen-MacaL‘

(not true without made assumptions!)

W.M. Seiler: Involutive Bases IV — 8



Cohen-l\/lacaula'sorenstein Rings

Overview Def.: A= P/Z Cohen-Macaulay ~~ depth(m,.A)=dim.A

Stanley Decompositions

Stanley Conjecture

Dimension Cor: (Hironaka criterion) A Cohen-Macaulay ring <—-

Noether Normall-\quy A has Rees decomposition where all generators have the same level
Depth and Regular N PY

Sequences .

Cohen-Macaulay and : Proof:

Gorenstein Rings

“<=" all generators level d =— depth(m, A) =dim.A=d

“=": (after variable transformation) Z has Pommaret basis 7 with
clsH=d+1 ~ consider B= {z" € (). | clsv >
B3 finite set by characterisation of dim A =d  (J¢| < d
Rees decomposition A=, gklz1,.. S @a] - 2¥
(obtainable by applying Janet’s algorithm to Janet basis H)

W.M. Seiler: Involutive Bases IV — 8



Cohen-Macaula

orenstein Rings

Overview Example: recall from above

Stanley Decompositions

Stanley Conjecture : 3 9 2
Dimension Ik[aj7 y? Z]/<Z Y yZ — Xz Y y
Noether Normalisation

Depth and Regular - Hironaka criterion ——> Cohen-Macaulay ting

Sequences
coenenringe - B (H,x)s3=Ps3 —> dimA=1
. MW csH=2 = depth(m,A) =1

2

- xy> = <17yazay2722>]k[a:]

W.M. Seiler: Involutive Bases IV — 8



Cohen—MacauIa‘orenstein Rings

Overview :  Recall: socle of P-module M ~~

Stanley Decompositions

Stanley Conjecture
SocM=0pyym={meM|m-m=0}

Dimension

Noether Normalisation

Depth and Regular . o
Sequences .

Cohen-Macaulay and

Gorenstein Rings :  consider d-dimensional affine algebra A = P /Z with system of parameters

ai,...,ag €A (i.e. dimA=0 for A=A/{ay,...,a.))

Def: assume A Cohen-Macaulay

m typeof A ~» ¢ =dimy Soc A ‘
(value of ¢ independent of chosen system of parameters)
B AGorenstein ~ t=1

W.M. Seiler: Involutive Bases IV — 8



Stanley Decompositions

Stanley Conjecture

Noether Normalisation
Depth and Regular
Sequences

Cohen-Macaulay and
Gorenstein Rings

Cohen-l\/lacaula'sorenstein Rings

effective test for affine Cohen-Macaulay algebra A = P/I to be

Problem:
Gorenstein

'H Pommaret basis of Z for <qegreviex

depth(m, A) =d = clsH = d; 1

dimA=d —

ap=x1+2,...,a0 = x4+ 1 system of parameters
,ad> = P/<Z,$1_, ..
may ignore in residue class [f| € A all z# € supp f with cl
set Huyin = {h € H | clsh = d 4 1} and consider subset
h € Hpmin such that for no £ > d + 1 involutive standard representation
of x;.h contains non-vanishing constant coefficient

/_l:.A/<CL1,...

»

c of all

W.M. Seiler: Involutive Bases IV — 8



Overview

Stanley Decompositions ¢

Stanley Conjecture
Dimension

Noether Normalisation
Depth and Regular
Sequences

Cohen-Macaulay and
Gorenstein Rings

Cohen-l\/lacaula'sorenstein Rings

Problem:  effective test for affine Cohen-Macaulay algebra .4 = P /Z to be
Gorenstein

Theorem: {[h/xd] | h € Hsoc} basis of Soc A
s
Proof: wlogd =1 ~~ toprove Z:m =2+ (h/x1 | h € Hsoc)

B fecl:m — xfel —
involutive standard representation x| f = ZheH Prh

0 clsh>1 = Pye(z1) ‘
O clsh=1 — Ph:Ch+a?1PhEﬂ{[$1]

— feZl+ (h/x1|h € Hunin)
B heEHyyy ~ involutive standard representation zh = ZheH Qnh
(QQn has constantterm =— h € Hpyi, and xph/x1 ¢ T
— h/r1€Z:m h& Hppn an h/x) ¢ 1
—  only h € Hg,e contribute to

W.M. Seiler: Involutive Bases IV — 8



Cohen-Macaula orenstein Rings

Overview § Examples:

Stanley Decompositions

Sianley Conjecire et M monomial ideal Z = (y°, xy?, %) < k[z,y]
Pimension Pommaret basis 'H = {yg, zy?, 2y, x_2}

Noether Normalisation
Depth and Regular N PY

Sequences y.x2:1.x2y y°332y:33°33y2 y,aijZx.yB

Cohen-Macaulay and
Gorenstein Rings

Soc A = ([zy], [v*])x = t =2, Anot Gorenstein
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Overview

Stanley Decompositions ¢

Stanley Conjecture
Dimension

Noether Normalisation
Depth and Regular
Sequences

Cohen-Macaulay and
Gorenstein Rings

Cohen-l\/lacaula'sorenstein Rings

Examples:

B monomial ideal Z = (y°, zy?, 22) < k[z, 9]
Pommaret basis ‘H = {y°, zy?, %y, 2}

®
y°332:1‘332y y.xzy:x.xyz y.gijZx.yB
Soc A = ([zy], [v*])x = t =2, Anot Gorenstein

B polynomial ideal 7 = (2% — zy, yz, ¥*, zz, 2*) < k[z,y, 2]
Pommaret basis H = {z* — zy, yz, v*, zzf @y, z”}

2

voaxz=ua- (2 —wy)+1-2%y y-zt=1-2%

Soc A = ([zy])x = t=1, A Gorenstein

(note: P/ 1t Z not Gorenstein, as |z ond socle generator!)

W.M. Seiler: Involutive Bases IV — 8
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