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Grobner Bases vs. Involutive Bases

Overview . Shortcomings of Gr 6bner bases:
Basic References .
Grobner Bases vs. : W definition not intrinsic :

Involutive Bases

History [J_arbitrary choice of variables and ter r

Notations and . ) ) ] . . ) .
Conventions : O in principle: P = SV for n-dimen k-linear space ) with basis
Involutive Divisions :

Monomial Involutive E {x17 cee 7xn}

Bases

[1 change of basis or term order can affect Grobner basis drastically

Polynomial Involutive
Bases

B purely technical definition ~~
algebraic properties of ideal hardly enter

B determination of algebraic structure of ideal requires additional
computations (often several Grobner bases)
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Grobner Bases vs. Involutive Bases

Overview

Basic References

Grobner Bases vs.
Involutive Bases

History
Notations and
Conventions

Involutive Divisions
Monomial Involutive
Bases

Polynomial Involutive
Bases

Example: consider

6

T = (2" —way®, y" — 2%, yz" —wa") < kfw,z,v, 2]

(reduced) Grobner basis for degrevlex

Consider 7 as ideal in k|w, y, x, z]:
(reduced) Grobner basis for degrevlex

{y7 — %2, yz7 —wzx’, 2% — wwyG, y8z6 — wat?,

1925 — w2224 — k. 4?98 — wadt,

3622 — w835 — wa®B a0 — wx49} ‘

W.M. Seiler: Involutive Bases | — 4



Grobner Bases vs. Involutive Bases

Overview

Basic References

Grobner Bases vs.
Involutive Bases

History

Notations and
Conventions

Involutive Divisions
Monomial Involutive
Bases

Polynomial Involutive
Bases

Involutive Bases:

Special type of (generally non-reduced) Grobner bases with additional

combinatorial properties
Provide alternative algorithm for constr‘)f Grobner bases
)

(often superior to Buchberger algorithm

Pommaret bases for degrevlex particularly interesting for applications
In algebraic geometry ~~ many characteristics (e. g. degree of basis)
Intrinsically determined by homological invariants of ideal

Pommaret bases not only computationally of interest; allow for
theoretical applications, too.
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History

Overview

Basic References

Grobner Bases vs.
Involutive Bases

History

Notations and
Conventions

Involutive Divisions
Monomial Involutive
Bases

Polyaemial Involutive
Bases

Differential Equations Commutative Algebra

Jacobi <1862
Riquier 1890-1910
(Cartan 1900-19
Janet 1920

(Grobner *1899)
(Gordan 1900)
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Notations @d Conventions

Overview

Basic References

Grobner Bases vs.
Involutive Bases

History

Notations and
Conventions

Involutive Divisions
Monomial Involutive
Bases

Polynomial Involutive
Bases

field k of arbitrary characteristic

(later: “sufficiently large” for Pommaret base,
set of variables X = {x1,...,z,}

(ordering of variables relevant for many purposes!)

polynomial ring P = k| X] ~~

ideals 7 <1 P, submodules M C , of free P-module
subset of variables X' C X ~~

T[‘(X’) monoid of terms containing only variables in X’
multi indices p,v € N ~» terms a2t 2% € T(X)
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Notations @d Conventions

Overview

Basic References

Grobner Bases vs.
Involutive Bases

History

Notations and
Conventions

Involutive Divisions
Monomial Involutive
Bases

Polynomial Involutive
Bases

Caution:
obtained by reverting the ordering of the variable

the following conventions are non-st d; the standard ones are

L1, L2y -+, Tn A Lpy ooy L2, L7

= |p1,...,n] ~ class clsp=min{k | up # 0}
lexicographic term order

U <lex V¥V <= last non-vanishing entry of 1 — v negative
degree reverse lexicographic term order (for |u| = |v|)

[ <degreviex V<= first non-vanishing entry of ;1 — v positive

degrevlex only class respecting term order

Lemma: Assume < degree compatible term order and for all
homogeneous polynomials fandalll < k <n

It felr,...,zp) <= f€(x,..

.,:Uk> .
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Involutive Division

Overview . Basic ide‘ every generator in involutive basis may only be multiplied by

Basic References . . .. . . . . . .

Grébner Bases vs, . polynomials in its multiplicative variables ~~ two ingredients required:

Involutive Bases E

History : M termorder (like any Grobner basis)

Lo e : W involutive division for assignment of multiplicative variables

involutive Divisions (based on the leading terms of the generators)

Monomial Involutive :

Bases

Polynomi tive : o ] . L o .

Bases . Difficulty:  assignment is generally made “context sensitive”: multiplicative
: variables for term t € T'(X') not abso defined, but ¢ must always be

considered in “context” of finite set 7 (X)) (say, all leading terms in a

basis) containing ¢
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Involutive Division

Overview

Basic References
Grobner Bases vs.
Involutive Bases
History

Notations and
Conventions
Involutive Divisions

Monomial Involutive
Bases

Polynomi tive
Bases

Def: in\‘/e division L on T'(X)

~

rule to assign to every term ¢ in any finite set 7 C T'(X') multiplicative
variables X7, 7(¢) and thus involutive cone  Cr, 7 (t) = T (X1 7(t)) - ¢

such that:
(i) s,teTwithCrr(s)NCr7r(t)#0 — ‘
Cr.7(s) C Cr 7 (t) or vice versa

i) SCT — VseS: XL,T(S) C XL,S(S)

Def: s € T(X) involutively divisible
S € CL,T(t)

byt € T (writtent | 75) ~
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Involutive Division

Overview

Basic References
Grobner Bases vs.
Involutive Bases
History

Notations and
Conventions
Involutive Divisions

Monomial Involutive
Bases

Polynomi tive
Bases

Example.homas division " ~~

v € X77(t) <= deg, t=max{deg, s|scT}

(independent of ordering of variables;

not relevant for practice; sometimes theoretically useful)
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Involutive Division

Overview

Basic References
Grobner Bases vs.
Involutive Bases
History

Notations and
Conventions

Involutive Divisions

Monomial Involutive
Bases

Polynomi tive
Bases

Example.homas division " ~~
v € X77(t) <= deg, t=max{deg, s|scT}

(independent of ordering of variables;
not relevant for practice; sometimes theoretically useful)

Example: Janet division J -~ ‘

given 7 C T(X), introduce for arbitrary d; € IN} subsets

(dk,...,dn):{ZC“ET|,:dk,...,,LLn:dn}gT

then fortermt = x#* € T

B z,cX;7(t) < deg, t=max{deg, s|scT = ()}
B forl<k<n z,€X;7r(t) =

deg, t=max{deg, s|s€ (Lri1, - Mn)}

(“refinement” of Thomas division; depends on ordering of variables)
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Involutive Division

Overview

Basic References
Grobner Bases vs.
Involutive Bases
History

Notations and
Conventions
Involutive Divisions

Monomial Involutive
Bases

Polynomi tive
Bases

Example.ommaret division P ~~
t=ateT,clsy=kFF — Xp(t) ={{x1,...,21}
(depends on ordering of variables, to0)

global division: no dependence on 7T
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Involutive Division

Overview

Basic References
Grobner Bases vs.
Involutive Bases
History

Notations and
Conventions

Involutive Divisions

Monomial Involutive
Bases

Polynomi tive
Bases

Example.ommaret division P ~~
t=ateT,clsy=kFF — Xp(t) ={{x1,...,21}
(depends on ordering of variables, to0)

global division: no dependence on 7T ‘

Example:

bizarre global division on T'(z, y, 2)

XL(l) 7y7Z}
Xp(x) =Az, 2z}, Xply) =iz}, Xo(z) =1y, 2},
Xp(t) =0 forallothert € T(x,y, 2)
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Involutive Division

Overview ; Examp|e‘ — {23’ y2Z, yz2’ 33227 ZCyZ} C T(ijy7 Z)

Basic References

Grobner Bases vs.
Involutive Bases

History : multiplicative variables for different involutive divisions

Notations and
Conventions

involutive Divisions : 23 y2z | yz? | x2? | ayz

Monomial Involutive E

Bases : T < Yy — I X

Polynomi tive :

Bases ‘ x7y7z x7y x7y L
P x? y? < x? y’? y L L

(note: despite very different definitions, Janet and Pommaret division yield
here same multiplicative variables ~~ more in Lecture 3!)

(&
8
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Monomial Involutive Bases@®

sve_”iew . Def: 7 C T(X) finite, involutive division L
'ZSVS' B involutive spanof 7 ~~ (7T); = <U Cr.r(t))q
Histo . teT

Notations and

Conventions B 7 weakly involutive ~ <T>L — <T>

Involutive Divisions

Monomial Involutive

Bases B 7 (strongly) involutive ~~ additionally

Polynomial Involutive
Bases

Vi£t' €T : Cor(t)NCrr(t') =10
(provides k-linear direct sﬁecomposition of ideal (7)!)
m 70 (7 (finite) weakly invOM®ve completion ~» (7)) = (T)

B 7 (weakly)involutive basis of monomial ideal Z 1P~
7T (weakly) invelutive and (7 )y, =7
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Monomial Involutive Bases@®

sve_”iew . Def: 7 C T(X) finite, involutive division L
'ZSVS' B involutive spanof 7 ~~ (7T); = <U Cr.r(t))q
Histo . teT

Notations and

Conventions ; ] Tweak|y involutive ~~ <T>L — <T>

Involutive Divisions

Monomial Involutive

Bases B 7 (strongly) involutive ~~ additionally

Polynomial Involutive
Bases

Vi£t' €T : Cor(t)NCrr(t') =10
(provides k-linear direct sﬁecomposition of ideal (7)!)
m 70 (7 (finite) weakly invOM®ve completion ~» (7)) = (T)

B 7 (weakly)involutive basis of monomial ideal Z 1P~
7T (weakly) invelutive and (7 )y, =7
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Monomial Involutive Bases@®

sve_”iew . Def: 7 C T(X) finite, involutive division L
'ZSVS' B involutive spanof 7 ~» (7)) = <U Crr (t)>1k
Histo . teT

Notations and

Conventions ; ] Tweak|y involutive ~~ <T>L — <T>

Involutive Divisions

Monomial Involutive

Bases B 7 (strongly) involutive ~~ additionally

Polynomial Involutive
Bases

V£t €T : Crr(t)N CL,T(t/) = ()
(provides k-linear direct s’ecomposition of ideal <T >!)
m 70 (7 (finite) weakly invOM®ve completion ~» (7)) = (T)

B 7 (weakly)involutive basis of monomial ideal Z 1P~
7T (weakly) invelutive and (7)), =7
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Monomial Involutive Bases@®

sve_”iew . Def: 7 C T(X) finite, involutive division L
'ZSVS' B involutive spanof 7 ~» (7)) = <U Crr (t)>1k
Histo . teT

Notations and

Conventions ; ] Tweak|y involutive ~~ <T>L — <T>

Involutive Divisions

Monomial Involutive

Bases B 7 (strongly) involutive ~~ additionally

Polynomial Involutive
Bases

V£t €T : Crr(t)N CL,T(t/) = ()
(provides k-linear direct s’ecomposition of ideal <T >!)
m 7 C 7 (finite) weakly involutive completion ~~ (T)j = (T)

B 7 (weakly)involutive basis of monomial ideal Z 1P~
7T (weakly) invelutive and (7)), =7
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Monomial Involutive Bases@®

Sve_”iew . Def: 7 C T(X) finite, involutive division L
'ZSVS' B involutive spanof 7 ~» (7)) = <U Crr (t)>1k
Histo . teT

Notations and
Conventions : .

7 weakly involutive ~~ (7)) = (7)

Involutive Divisions
Monomial Involutive

Bases B 7 (strongly) involutive ~~ additionally

Polynomial Involutive
Bases

V£t €T : Crr(t)N CL,T(t/) = ()
(provides k-linear direct s’ecomposition of ideal <T >!)
m 7 C 7 (finite) weakly involutive completion ~~ (T)j = (T)

B 7 (weakly) involutive basis of monomial ideal Z <{P  ~~
7 (weakly) involutive and (7)), =7

W.M. Seiler: Involutive Bases | — 8



Monomial Involutive Bases@®

Overview

Bagi@REi@ucnces

Grobner Bases vs.
Involutive Bases

Histors

Notations and
Conventions

Involutive Divisions
Monomial Involutive
Bases

Polynomial Involutive
Bases
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Monomial Involutive Bases@®

Overview

B

Histo

Notations and
Conventions

Involutive Divisions
Monomial Involutive
Bases

Polynomial Involutive
Bases
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Monomial Involutive Bases@®

Overview

Basi

Histo

Notations and
Conventions

Involutive Divisions
Monomial Involutive
Bases

Polynomial Involutive
Bases

k-linear isomorphism: (Stanley decomposition ~+ Lecture 4)

T = (2%, %) 2 k[r,y] - y° @ k[z] - 2° @ k[z] - 2°y
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Monomial Involutive Bases@®

Overview

Bagi nces

S VS.
| es
Histo

Notations and
Conventions

Involutive Divisions
Monomial Involutive
Bases

Polynomial Involutive
Bases

Prop: 7 weakly involutive basis — 37’ C 7 strongly involutive basis

Proof:
7 weakly but not strongly involutive basis —

Is#£teT : Crr(s)NCrr(t) #0 =2
wlog) Cr7(s) CCrr(t) ~ set T'=7T\{s}

O 77 still weakly involutive basis ~- iterate
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Monomial Involutive Bases@®

Overview

Bagi

Histo

Notations and
Conventions

Involutive Divisions
Monomial Involutive
Bases

Polynomial Involutive
Bases

Example: minimal basis of irreducible monomial ideal of the form

Eir £i2 eil
T = {xir yeeey Tyt Ty }

with 1 < r < n generators sorted accordingto 2, > - -+ > 19 > 11
7T has finite Pommaret completion T —

W="n, lp_1=m—1,..., 11 =n—r+1 (i.e.no“gaps”)
(note: always achievable by renumbering!)

completion 7 consists then o‘rms of the form

bij kij+1 kn, - v e L ¢
xij xijﬂ ey With VM > a5 0 Ry < Uy

(thus maximal degree of generator: 1 — 7 + Z§:1 ti;)

if “gap” exists at position 1 ~~ no bound for &,
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Monomial Involutive Bases@®

) . Def: involutive division L Noetherian ~

Bagf nces . .. . . .

's vs. . every finite 7 C T(X) possesses involutive completion

I es .

Histo :

Notations and .

conventions : Lemma: Janet division Noetherian

Involutive Divisions .

poromalmove - proof: s=1lem7 = T ={te(T) :t]|s} Janetbasis of (T)

Polynomial Involutive
Bases

Remark: Pommaret division not Noetherian by example above
simplest counterexample: 7 = {xy} C 'I[‘(az,y)

ideal (7°) contains only 'of class1 ~~

infinite Pommaret “basis’ | k€ N}
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Polynomial Involutive Bases

Overview Def: “Z <P polynomial ideal, finite set H C 7
Basic References ; . e .

Grobner Bases vs. (term order <, involutive division L)

Involutive Bases

History : W 'H weakly invol sof Z ~~

Notations and
Conventions

weakly invo sisof [t Z
involutive basis of 7 ~~
‘H involutive basis of 1t Z and all leading terms pairwise distinct

Involutive Divisions

Monomial Involutive
Bases

Polynomial Involutive
Bases

Lemma: H (weakly) involutive basis — H Grobner basis
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Polynomial Involutive Bases

Overview

Basic References

Grobner Bases vs.
Involutive Bases

History
Notations and
Conventions

Involutive Divisions

Monomial Involutive
Bases

Polynomial Involutive
Bases

Def: “Z <1 P polynomial ideal, finite set H C 7
(term order <, involutive division L)

B H weakly invol sof Z ~~

weakly invo sisof [t Z

involutive basis of 7 ~~

‘H involutive basis of 1t Z and all leading terms pairwise distinct

Lemma: H (weakly) involutive basis — H Grobner basis

Prop: H weakly involutive basis — 3 H’ C H strongly involutive basis

Proof: as in monomial case

(weakly involutive bases required for generalisations like semigroup or
polynomials over rings where stongly involutive bases generally do not
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Polynomial Involutive Bases

Overview Def: “JF C P finite set of polynomials

~ NVfeF : Xpr<(f)=Xpuwr(tf)
)= rer KX r< ()] f

Grobner Bases vs.

volutive Bases B multiplicative vari
History : W involutive span

Notations and
Conventions

Involutive Divisions

Monomial Involutive
Bases

Polynomial Involutive
Bases
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Polynomial Involutive Bases

Overview

Basic References

Grobner Bases vs.
Involutive Bases

History

Notations and
Conventions

Involutive Divisions
Monomial Involutive
Bases

Polynomial Involutive
Bases

Def: “F C P finite set of polynomials

~ VfeF : Xpr<(f)=Xpnr(tf)
)= rer KX r< ()] f

B multiplicative vari
B involutive span

JF C P finite set of polynomials, g € ‘P further polynomial

g involutively head reducible wrt 7 ~» I feF : 1t florltg
g in involutive normal form wrt 7 ~» suppg N (It F); = ()
B Finvolutively head autoreduced ~» A f1 # fo € F: 1t fi|pnr 1t fo

(algorithms for computing involutive normal forms or for involutive head
autoreduction are obtained by trivial modifications of usual algorithms) ‘
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Polynomial Involutive Bases

Overview

Basic References

Grobner Bases vs.
Involutive Bases

History

Notations and
Conventions

Involutive Divisions
Monomial Involutive
Bases

Polynomial Involutive
Bases

Theorem:

(i) H weakly involuti

(il

every f €I p

- h

The following are equivalent:

is of ideal Z < P
iInvolutive standard representation

with 1t (Pph) <1t f A Py, € E{[XL,H,<(h)]
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Polynomial Involutive Bases

Overview

Basic References

Grobner Bases vs.
Involutive Bases

History

Notations and
Conventions

Involutive Divisions
Monomial Involutive
Bases

Polynomial Involutive
Bases

Theorem: = The following are equivalent:

(i) H weakly involuti
(i) every felp

- h

‘H strongly involutive basis <—

is of ideal Z < P
iInvolutive standard representation

with 1t (Pph) <1t f A Py, € E{[XL,H,<(h)]

involutive standard representation unique
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Polynomial Involutive Bases

Overview

Basic References

Grobner Bases vs.
Involutive Bases

History

Notations and
Conventions

Involutive Divisions
Monomial Involutive
Bases

Polynomial Involutive
Bases

Theorem: = The following are equivalent:

is of ideal Z < P
iInvolutive standard representation

(i) H weakly involuti
(i) every felp

) with 1t (Pph) <1t f A Py, € E{[XL,H,<(h)]

'H strongly involutive basis <—- involutive standard representation unique
Proof:

B “=" compute involutive normal form
“«<" leading terms show that (It H);, =1t Z
B uniqueness follows from direct sum decomposition
(at each step of normal form computation only one possible diviso
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Polynomial Involutive Bases

Overview

Basic References

Grobner Bases vs.
Involutive Bases

History

Notations and
Conventions

Involutive Divisions
Monomial Involutive
Bases

Polynomial Involutive
Bases

Theorem: = The following are equivalent:

(i) H weakly involuti is of ideal Z < P

(i) every felp

- h

iInvolutive standard representation

with 1t (Pph) <1t f A Py, € E{[XL,H,<(h)]

'H strongly involutive basis <—- involutive standard representation unique

Corollary:

B H weakly involutive basis — (H); - =17

B strongly involutive basis = 7 = @ k[ X1 1 <(h)] - R

(Kk-linear direct sum decomposition)
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Polynomial Involutive Bases

Overview

Basic References

Grobner Bases vs.
Involutive Bases

History

Notations and
Conventions

Involutive Divisions

Monomial Involutive
Bases

Polynomial Involutive
Bases

Theorem: = The following are equivalent:

is of ideal Z < P
iInvolutive standard representation

(i) H weakly involuti
(i) every felp

) with 1t (Pph) <1t f A Py, € E{[XL,H,<(h)]

'H strongly involutive basis <—- involutive standard representation unique

Caution: (H); - =71 =~ 'H weakly involutive basis

Example: H = {y2, y? + xz} and L = J (Janet division)
(H)j~ =T =A{H) but 22 ctT\ (tH), ‘
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Polynomial Involutive Bases

Overview

Basic References

Grobner Bases vs.
Involutive Bases

History
Notations and
Conventions

Involutive Divisions

Monomial Involutive
Bases

Polynomial Involutive
Bases

Example: < degree compatible order

F:{flzz f2:yz_x7 f3:y2—Z}Cﬂ{[$,y,Z]

= 2 — J Janet basis

fa=zfi+afo=2" -2

B Itfi=uxy — .
has no standard representation

0 F U {fs} Grobner basis, but not Janet basis

0 FUA{f1, f5 = zf2} Janet basis

Involutive bases are generally non-reduced Grobner bases!
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Polynomial Involutive Bases

Overview Prop:" F C P finite, involutively head autoreduced set —
Basic References . . . .
Gribner Bases vs. involutive normal form of any polynomial g € P wrt F unique
Involutive Bases

History Proof: JF induces m decomposition of <.7-" ) L=< ™~
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Polynomial Involutive Bases

Overview

Basic References

Grobner Bases vs.
Involutive Bases

History

Notations and
Conventions

Involutive Divisions

Monomial Involutive
Bases

Polynomial Involutive
Bases

Prop:" F C P finite, involutively head autoreduced set —
involutive normal form of any polynomial g € P wrt F unique

Proof: JF induces m decomposition of (F)r » ~=
lear for g € ( always involutive normal form 0 ~~
wo different involutive normal forms of g —>

— g2 € (F) 1< ininvolutive normal form

Prop: JF C P finite, weakly involutive set —
involutive and usual normal form of any polynomial g € P wrt F coincide

Proof:
B involutive normal form wrt weakly involutive basis unique
(similar argument as above)

B usual normal form wrt Grobner basis unigue
B weakly involutive basis is Grobner basis
B usual normal form trivially involutive normal form
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