June 10th, 2009

Warning: Sometimes during this tutorial we might have to stop some computations because they

take too long or even be forced to restart the system.

Advice: Save any work you want to keep!

Exercise 1 Is not easy to compute the reqularity of a polynomial ideal I. One
needs either to compute the Betti numbers of I or gin(I). Both are hard compu-
tations. It would be easier if we could at least use the initial ideal lt(I). Consider
the homogeneous ideal:

I = (2% — yz + 3tu, vy2* + 2*, zyt — 3u®, %1% + 49°u?)
1. Compute it’s reqularity using BettiDiagram
Compare it’s reqularity and Betti numbers with those of LT(I)
Compute it’s reqularity using Gin and Ginb
Do the same with I®

What about I*?
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Let now I = (x1,...,x9). Compute Gin(l) and BettiDiagram(l). What is
the reqularity of this ideal?

Exercise 2 reg(lt(I)) gives in general an upper bound for reg(I). But some-

times both regularities coincide. In particular, if lt(I) is of nested type we have
that reg(I) = reg(lt(I)).

Definition 1 A monomial ideal I C R is said to be of nested type (Bermejo
& Gimenez 2000) if, for any prime ideal p C R associated to I, there exists
i €{0,...,n} such that p = (zo,..., ;).

Proposition 1 Let I C R be a monomial ideal and set d := dimR/I. The
following conditions are equivalent:



1. I is of nested type
2. Vie{0,...,n}, I:(x;)>®°=1:(xg,...,2;)>.

3. 1, is not a zero divisor on R/I*™  and for all i :n—d+1<i<n, z; is
not a zero divisor on R/(I, %y, ..., xi1)%".

4. (a) Yi€A{0,...,n—d}, there exists k; > 1 such that If’ el, and
(b) T:(x,)>®°CI:(x,1)®°C---CI:(xp_gs1)>.

Implement a procedure to detect whether a monomial ideal is of nested type.

Exercise 3 If our initial ideal is not of nested type a good strategy (see Bermejo €
Gimenez 2006) consists of associating to I an ideal of nested type N(I) such that
reg(I) = reg(N(I)). The way to find N(I) is via a coordinate transformation
in I to obtain I' and then N(I) =1t(I"). We want to do “smaller” coordinate
transformations than those needed to compute gin(I).

Let d := dimR/I. There are two cases:

1. If It(I) is not of nested type and klx, —d+ 1,...,z,]| is a Noether nor-
malization of R/I then consider the following transformation:

Tpn — Tp Tt tlxn—l + Z52-7371—2 + e+ Zfd—lxn—d—}-l

Tpo1 P Tp_1+1lgTpo+ - +1log—3Tp—at1

Tp—dy2 P> Tp_dy2 Hlaa—1)Tp_gi1
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2. If It(I) is not of nested type and K[z, —d+ 1,...,x,] is not a Noether
normalization of R/I then we need a different (bigger) transformation:

Tp — Tyt tlxn—l + t2xn—2 +oe 4+ 2fnx(]

Tp1 — Tpo1 +lpp1Zp_o+ -+ lan_170

Tpodp1 + Tpogy1+oo+t, aa-nTo

2

With these coordinate changes we obtain generically the ideal N(I) we are looking
for. Therefore our procedure will follow the scheme:

1. Decide whether K[z, —d+1,...,x,]| is a Noether normalization.



2. Apply a random change of coordiantes of the required form depending on
the response at 1) obtaining I'.

3. Check wether lt(1') is of nested type. If not, apply another random change
of coordinates until lt(I") is of nested type. (This procedures always termi-
nates when the base field has characteristic 0.)

To Do:

e Implement a procedure to detect whether k[x, —d+ 1,...,x,] is a Noether
normalization.

Hint: You can use the following result [BermejoésGimenez, 2001]

Lemma 1 Let I be a homogeneous ideal of S = k[xg,...,x,] such that d =
dim(S/I)—1 and denote by in(I) the initial ideal of I w.r.t. the reverse lezico-
graphic order. The following are equivalent:

1. k[xp_g,...,xn] is a Noether normalization of S/I

2. Vi:0<i<n-—d-—1, there exists r; € N—0 such that =" € in(I)
3. dim(S/(I,xn—dy....,Tpn)) =0

4. dim(S/(in(I), p_q, ..., Ts)) =0

e [mplement the coordinate changes.

e Implement the full procedure, i.e. given a polynomial ideal I, obtain a mono-
mial ideal of nested type N(I) such that reg(l) = reg(N(I)).



